Model reduction for a class of singularly perturbed stochastic differential
equations : Fast variable approximation

Narmada Herath! and Domitilla Del Vecchio?

Abstract— We consider a class of stochastic differential equa-
tions in singular perturbation form, where the drift terms are
linear and diffusion terms are nonlinear functions of the state
variables. In our previous work, we approximated the slow
variable dynamics of the original system by a reduced-order
model when the singular perturbation parameter ¢ is small. In
this work, we obtain an approximation for the fast variable
dynamics. We prove that the first and second moments of the
approximation are within an O(¢)-neighborhood of the first and
second moments of the fast variable of the original system. The
result holds for a finite time-interval after an initial transient
has elapsed. We illustrate our results with a biomolecular
system modeled by the chemical Langevin equation.

I. INTRODUCTION

Systems with multiple time-scales can be written in singu-
lar perturbation form, where the dynamics are separated into
slow and fast, with a small parameter e capturing the sepa-
ration in time-scales. The analysis of singularly perturbed
systems consists of obtaining a reduced-order model that
approximates the dynamics of the system when the time-
scale separation is large. In the deterministic setting, the
main method used to obtain the reduced system is given
by Tikhonov’s theorem, which gives a set of reduced-order
differential equations that approximate the slow variable
dynamics, and a set of algebraic equations that approximate
the fast variable dynamics [1], [2]. Another method that is
used to analyze systems with multiple time-scales is the
averaging principle, which gives a reduced-order model that
approximates the dynamics of the slow variables [3].

Singular perturbation techniques have also been developed
for stochastic systems with multiple time-scales [4], [5], [2],
[6]. However, these methods are not applicable to systems
where the diffusion term of the fast variable is nonlinear,
and is of the order \ﬁ as seen, for example in biomolecular
systems modeled by the chemical Langevin equation [7].
Averaging methods for stochastic differential equations have
also been developed, and they can be applied to the case
where the diffusion term is on the order of /¢ [8], [3]. How-
ever, the averaging methods only provide an approximation
to the slow variable dynamics.

In our previous work, we considered a class of singularly
perturbed stochastic differential equations with linear drift
terms and nonlinear diffusion terms [9]. We obtained a
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reduced-order model that approximates the slow variable
dynamics of the original system and we proved that the
first and second moments of the reduced system are within
an O(e)-neighborhood of the first and second moments of
the original system, for a finite time interval. This result
was extended in [10] to prove that all the moments of
the reduced system are within an O(e)-neighborhood of
the corresponding moments of the original system, for a
finite time interval. Although, the above works provide
an approximation to the slow variable dynamics, in many
applications it is necessary to obtain an approximation for
the fast variable in order to analyze the statistical properties
of the system, such as the mean and the variance. In fact, in
many biomolecular applications, the variables in the system
may be affected by both slow and fast reactions, and thus
the system is represented in singular perturbation form after
using a coordinate transformation [11]. Therefore, to analyze
the properties of the variables of interest, it is necessary to
have a fast variable approximation. Hence, in this work, we
obtain an approximation for the fast variable dynamics of the
original system in the form of an algebraic expression of the
reduced slow variable dynamics. We prove that the first and
second moments of the approximation are within an O(e)-
neighborhood of the first and second moment dynamics of
the fast variable of the original system. The result holds for
a finite time interval, after a short transient has elapsed.
This paper is organized as follows. In Section I, we intro-
duce the class of systems considered. In Section II, we define
the fast variable approximation and derive the moments of
the approximation. In Section III, we prove that the first
and second moments of the fast variable approximation are
within an O(e)-neighborhood of those of the original system.
The results are illustrated with an example in Section V.

II. SYSTEM MODEL

Consider the singularly perturbed stochastc system

&= folx,2,t) + 04 (z, 2, )Ty, 2(0) =z (1)
€2 = f.(z,z,t,e) +o.(x,2,t, )T, 2(0) =20 (2)

where x € D, C R" and z € D, C R™ are the slow and fast
variables, respectively. I';, is a d,-dimensional white noise
process and let I'y be a d-dimensional white noise process.
Then, T, is a (d, + dy)-dimensional white noise process.
We assume that the system (1) - (2) satisfies the following
assumptions.

Assumption 1: The functions f,(z,z,t) and f,(z,z2,t,¢€)
are affine functions of the state variables x and z, i.e., we
can write fy(x,z,t) = Az + Agz + Asz(t), where Ay €



R™" Ay € R™™ and As(t) € R™ and f,(z,2,t,€) =
Bix + Baz + Bs(t) + a(e)(Bsz + Bsz + Bg(t)), where
Bi,By € Rmxn’ By, B; € Rmxm’ Bg(t),Bﬁ(t) e R™.
Also, we have that A3(t) and Bs(t) are continuously differ-
entiable functions, and «(e) is a continuously differentiable
function with a(0) = 0.

Assumption 2: The matrix-valued functions o, (z,z,t)
and o.(z,z,t,e) are such that, there exist continuously
differentiable functions ®(z, z,¢) : R" x R™ x R" — R™*™,
Az, z,te) : R x R™ x R x R — R™ ™ O(x, z,t,¢) :
R™ x R™ x R x R — R™*"™ that satisfy

00 (@, 2,0)04 (2, 2,1)" = @(, 2,1), 3)
o.(x,2,t,€)0, (1, 2,t,€)T = eM(x, 2,1, €), 4)

o.(z,2,t,€)] ou(x,2,t) 07 =0(x,2,t€), (5

where the elements of ®(x,z,t), Az, z,t,¢), O(z, z,t,€)
are affine functions of x and 2z, i.e., we can write
E[®(z,z,t)] = ®(E[z],E[z],t), E[A(z,z,t,e)] =
A(E[z],E[z],t,€), and E[O(x, z,t,€)] = O(E[z],E[z],t, €).
Also, we have that lim._,o A(z, z,t,€) < oo and
lime_,0 O(x, 2,t,¢) = 0 for all z, z and ¢.

Assumption 3: The matrix By is Hurwitz.

We assume that a unique, well-defined solution exists for
the system (1) - (2), for a finite time-interval. The sufficient
conditions for existence of a unique solution is given in [12],
which consists of Lipschitz continuity and bounded growth
conditions. The class of systems that satisfy Assumption
2, includes the case where the diffusion term is a square-
root function of the state variables that may not satisfy the
Lipschitz continuity condition. In this case, the sufficient
conditions in [13] can be used to verify the existence of
a unique solution.

III. FAST VARIABLE APPROXIMATION
In [9], we defined the reduced system which was shown
to approximate the slow variable dynamics, as
f = fT(:fv ’Yl(ja t)7 t) + Um(fv’yl(jv t)? t)Frv :f(O) = Zo, (6)
where
n(z,t) = =By (Bia + Bs(1)), (7)

is the solution to f,(x, 2,t,0) = Byxz+ Byz+Bs(t) = 0. We
then quantified the error in the slow variable approximation
using the first and the second moments and obtained the
results summarized here in Theorem 1. First, consider the
following function definitions for suitable constant matrices
aceR”,beR"™", ceR™, deR™™, and e € R™*™.

gi(a,71(a,t),t) = Ara + Azyi(a,t) + As(t),
ga(a,b,v1(a,t),va(a,b,t),t) = A1b + Ayyo(a,b,t) + bAT
+ As(t)aT + vya(a, b, )T AT + aAs(t)T + ®(a,71(a,1),t),
gs(a,c,t,e) = Bra+ Bac+ Bs(t)

+ a(€e)(Bsa + Bsc + Bg(t)),
ga(a,b,c,d, e t,€) = eBl +dBI + ¢Bs(t)T

+ ale)(eBf +dBE + cBs(t)") + Bie” + Ala,c,t,¢€)

+ Bad + By(t)c" + a(e)(Bae” + Bsd + Bs(t)c"),
gs(a,b,c,d, e t,e€) = e(eAT + dAT + cAs(t)T) + B1b + Boe

+ Bs(t)a® 4+ O(a,c,t,€) + ale)(Bse’ + Bsd + Bg(t)ch),

Theorem 1: Consider the original system in (1) - (2) and
the reduced system in (6). Under Assumptions 1 - 3, the
commutative diagram in Figure 1 holds. Furthermore, there
exists t1 > 0 such that

[E[z(1)] — E[z(®)]]] = O(e), t € [0,t],
IE[z(t)z(t)"] - Elz()z(t)]llr = O(e), t € [0, ],
where ||.|| 7 is the Frobenius norm.

In [9] we illustrate via an example that, although
~v1(Z(t),t) provides a good approximation when it is used
in the slow variable dynamics, it does not provide a good
approximation of the fast variable, in contrast to the deter-
ministic case. To illustrate this further, consider the following
example as in [9].

T =—a1x + asz, (8)

2= —2z 4 vi/el, )
where a; > 0. We have that z = v;(x,t) = 0, and the
reduced system is given by

= —a1x.

Calculating the second moment dynamics of x and z in the
system (8) - (9), we obtain

2] _ azvie
B’ = i v arg)” (10)
U2
E[2(t)] = - (11)

We also have that the E[Z(¢)?] = 0 and E[y1(Z(¢),t)?] = 0.

Therefore, we see that when € = 0, | E[x(t)2]-E[z(¢)?]]| = 0
1)2 —

but [[E[z(t)?] — E[y1(2(t), £)°]|| = 5. Thus, z = y(z(t),)
does not approximate the fast variable dynamics well.

In this work, we seek an approximation to the fast variable

in the form

2(t) = m(z(t), 1) + g(z(t), )N,

where N € R? is a random vector whose components are
independent standard normal random variables, and g(Z, ) :
R" x R — R™*? is a suitable function. We call equation
(12), the reduced fast system. We aim at determining the
function ¢(Z,t) such that the first and second moments of
z(t) in (1) - (2) are well approximated by the first and second
moments of Z(¢) in (12). To this end, define the functions
1, 72 and 73 for a € R™ and b € R™*" such that

(12)

Y(a,t) = / P2\ (a,y1(a, 1), t,0)e B2 v, (13)
0

Ya(a,b,t) = =By ' (B1b + Bs(t)a™), (14)
v3(a,b,t) = —ya(a,b,t) BL (By )T
—m(a,t)Bs(t)" (By )T +(a,t). (15)



Original System

Reduced System

T = fo(x,2,t) + 0 (x,2,t) 'y = - = - -
Bl M S — P L@@ 0,0+ oa (@7 (70, ) e
e—0

Moments of the Original System - Moments of the Reduced System
E[c] 91 (E[a)], E[2). 4R g1 (E[#], 11 (E[z], 1), 1)
ElzzT Elz], E[zx 2], E[zzT], t dt = = - = -

o| @0 || ek (£857) = (Eie) Biee) o Blo, v, 122,00 )

eElzz"] 94(Efz], E[za™ B e T, ElzzT], ¢, €)
eE[zzT) g5 (B[z], E[zzT], E[z], E[zzT], E[z2T], ¢, €)

Fig. 1: Setting ¢ = 0 in the moment dynamics of the original system yields the moment dynamics of the reduced system.

We now make the following claim:
Claim 1: Let g(x,t) satisfy the Lyapunov equation

g(f,t)g(i‘,t)TBQT + BQQ(jvt)g(j»t)T =—A(z

(16)

Then, the first and second moments of z(¢) defined in (12)
can be written in the form

E[z(t)] =

E[z(1)z(t)"] =
Proof:
From equation (12), we have

a7
(18)

E[z] = En(2,1) + 9(, ) N].
Employing the linearity of the expectation operator and of
the function 1 (Z,t), we have

E[z] = 71 (E[z],1) + E[g(z,

Since N is a random vector whose components are standard
normal random variables, we have that E[N] = 0. As the
function ¢(z,t) and the random vector N are independent,
we further obtain

£)N].

E[z] = n(E[z],1).

Similarly, the second moment of the reduced fast variable
can be calculated using (12) as

Elzz"] = ]E[( 1(@,1) + g(Z, )N) (11 (7, 1) + g(@, 1) N)T],
Elyi (z,)0.(2,1)"] + Eln (2, )N g(3,)"]

+Elg(z, )N (z,t)7] + Elg(z,t) NN g(z,1)"].

19)

Let G(z,t) = g(z,t)Nyi(z,t)T and write v, (7,t) =

[71(‘%71&)1’"'771(-%;75)771],1-‘7 g(j7t) = [g(i‘,t)zk] for i €

{1,m}, k € {1,d} and N = [Ny,..., Ny]. Then, the entries

of G(Z,t) can be written as

Gz, t)ir = Z%(f’t)kg(f’f)z’jNﬁ

i€ {l,m} and k € {1,d}

7’71(i'7t)7t70)'

As the functions ~;(Z,t) and g(Z,t) are independent from
N, taking the expectation yields

m

Z E[y1(Z,t)rg(Z,1)s;]E[N;].
j=1

E[G({f, t)zk] =

Since IV; is a standard normal random variable we have that
E[N,] = 0 for all j. Therefore, we have E[G(Z,t)] = 0.

Similarly, we have that v, (z,t) N7 g(z,t)" = G(z,t)T, and
E[G(z,t)T] = 0. Thus, we obtain
Epi (@ )N (@, )"] = Elg(@, ) N (2,)"]" = 0. 20)

Let H(z,t) = g(z,t)NNTg(z,t)T. The entries of
H(Zz,t) can be expressed as
H(z, ) =Y Y 9(@)ing(2,1)i;N; Ni.
=1 j=1

Since 71 (Z,t) and g(Z,t) are independent from N, taking
the expectation, we have

H(Z,t)k) ZZE Z,1)ikg(Z, )i ]E[N; N .
=1 j=1

As N; are independent normal random variables, we have
that E[N;N,;] = E[V,]JE[N;] = 0, for all [ # j. When [ = j,
we have that N;N; = N7, which yields E[N?] = var(N;) =
1. Then, we obtain

ZE[Q@J)MQ@J)UL

Jj=1

E[H(Z,t)i] =

which results in

E[H(z,t)] = E[g(z,t)NNTg(z,t)"] = E[g(z, t)g(z,t)"].
(21)
Substituting (20) and (21) into (19) yields
E[zz"] = E[v:(z, )% (z,1)"] + Elg(z,t)g(z,8)"]. (22)
From (16), we have that
E[g(;f, t)g(jv t)T]Bg + BQE[g(jv t)g(i'a t)T] =



for which, under Assumption 3, the unique solution is given
by

Elg(z, t)g(z,t)"] =
/ e(BQU)A( [ ] T (E[ ] ) t O) (B;’U)dv = ’lp(E[f], t),
0 (23)

where 1) is defined in (13).
Therefore, using that v; (x,t) =
substituting (23) into (21) leads to

(B17 + Bs(t)))(— By

—By ' (Byx+ Bs(t)), and

E[zz"] = E[(-B; H(Biz + Bs(1)))7]

+ ¢ (E[z], 1),
which, using (14) and (15) can be rewritten as
E[zz"] = —(Elz], Elzz"], ) B] (By )"
— i (Elz], )Bs(0)"(By )T + b(Ele), 1),
= 3(E[z], E[zz],1).
|

From Theorem 1 we have that the first and second
moment dynamics for the fast variables of the original
system E[z(t)], E[z(t)z(t)T] and the dynamics of the mixed
moments E[z(¢)x(t)T] are given by

di{f} — gs(E[2], E[2]. £, ), 24)
L) _ oy Ble) Blea), Ble] Blz2") Bl 1,0)
(25)
chSth] = g5(E[z], E[zzT], E[2], E[22"], E[z2T], ¢, €).
(26)

Now, we analyze the moment dynamics for the fast vari-
able of the original system, that is E[z(¢)] and E[z(¢)z(t)7],
when € = 0.

Claim 2: Setting ¢ = 0, in the moment dynamics (24) -
(26), results in

Elz(t)] = m(E[z(1)],1), 27
Elz(t)z(t)"] = 73 (E[z(t)], E[z()z(t)"], 1) (28)
Proof:
Setting € = 0 in (24) - (25), we obtain
BiE[z] + B2E[z] + Bs(t) =0 (29)
BiE[zzT] + ByE[z2T] 4+ Bs(t)E[zT] = 0.  (30)

Under Assumption 3, we have that the unique solutions to
equations (29) - (30) is given by

E[z] = —B5 '(B:iE[z] 4+ Bs(t)) = m(E[z],t), (31)
E[z2T) = =By Y(B1E[zzT] 4+ B3(t)E[zT])
= v (Elx], E[me}, t). (32)

We have that equation (31) is in the form of equation (27),
proving the first equality.

Setting € = 0 in (26), we obtain

E[227|BY + ByE[22"] = ~E[227|B] — E[2]B3(t)"
— BiE[zz"] — B3()E[z"] — A(E[z], E[2],,0).
Using the expressions E[z] = v;(E[z],t) and E[zzT] =

v2(E[z], E[z2T],t) from (31) - (32), we have that
E[22T|BT + ByE[22T] = —y»(E[z], E[z2T],t) BT
—71(E[z],)Bs(t)" — Biya(Ele], E[z2"],)"
= B3(t)n(Elz], )" — AE[z], 71 (E[],¢),1,0). (33)

The equation (33) takes the form of the Lyapunov equa-
tion,

ATP+PA=-Q,
with
P =E[zz7],
Q(E[z], E[zz"],t) = 12(E[a], E[zz"],t) B
+m(E[z], t)B3(t)" + B172(E[z], E[z2"], )"
+BS() ( [ Lt)T ( [ ]771(E[:d7t)5t70)7
A= BT
Therefore, under Assumption 3, there exists a unique solution
E[z2T] = h(E[z], E[zzT], ), to equation (33). To prove that
h(E[z], E[z2T],t) = v3(E[x], E[z2zT],t), we substitute (14)
into (33), and simplifying further we obtain
— 72(E[x], E[zz"],t) BY — 1 (E[z],)Bs(t)"
+ ¢ (E[z],t)B; — B1y2(E[z], E[lza™], ¢)"
— B3 ()1 (Elz],t)" + By (Elx], t)
= —2(Ela], E[z2"]) Bf — 71 (E[2],)Bs(t)"
— Bi72(Efe], Elza™], )" - B3 (t)n (Ela],t)"
— A(E[z],v1(E[z], t),t,0).

Canceling the common terms on both sides finally yields

(E[2],t) By + Bayp(Ela], t) = —A(E[x], 71 (E[x], 1), ¢, 0).
(34)

From the definition of ¢ in (13), we have that ¢(E[z],t) =
I e(B20) \(E[x], v1 (E[z], £), t,0)e(B2 V) dv, which is the
unique solution to the Lyapunov equation in (34), under
Assumption 3. Therefore we have shown that E[227] =
v3(E[z], E[z2T],t) is the unique solution to (33). [

IV. MAIN RESULT

In this section, we quantify the error between the moments
of the fast variable of the original system given by (24) and
(25) and moments of the reduced fast system given by (17)
- (18). To this end, we have the following Lemma, which
is an extension to the results in the commutative diagram in
Figure 1.

Lemma 1: Under Assumptions 1 - 3, the commutative
diagram in Figure 2 holds.

Proof: Proof follows from Theorem 1, Claim 1 and
Claim 2. [ ]



Original System

& = fa(w, 2,t) + 0u(z,2,1) Ty
ez = f.(x,2,t,€) +0:(x,2,t,¢) I';

Moments of the Original System

E[z] 91(E[z], E[2], )
Efzx”] 92(E[z], E[za™], E[2], E[22], 1)
& | €Elz] = | 93(E[z],E[2] 2, ¢)
eEfzz"] 94(Elz], Elza™], E[z], E[22"], E[za”], t, )
eE[zzT) g5 (B[z], E[zzT], E[z], E[zzT], E[z2T], ¢, €)

Reduced System

T = fo(Z,71(Z,t),t) + 04 (T, 71(Z,t),t) Tx
=@t + 9@ ON]|

|

Moments of the Reduced System

) = (om0 )
92 (E[i]) ]E[EiTL 7 (]E[EL t)7 72 (]E[j]v ]E[iiT]) t)) t)

Fig. 2: Setting ¢ = 0 in the moment dynamics for the fast variable of the original system yields the moment dynamics of the reduced

fast system.

Theorem 2: Consider the original system in (1) - (2) and
the reduced fast system in (12). Under Assumptions 1 - 3
there exists €* > 0, t1, t, > 0 with ¢; > t; such that for
€ < €* we have

[E[z()] — E[z()]]| = O(e), t € [t ta],

[E[z()z2(t)"] = E[z(6)2(t)T]|lr = O(e), t € [to, ta],

where ||.|| 7 is the Frobenius norm.

(35)

Proof: As the moment dynamics are deterministic, the
results in (35) can be proven by applying the Tikhonov’s
theorem to the moment dynamics of the original system and
moment dynamics of the reduced system given in Figure
2. To this end, we first prove that the assumptions of the
Tikhonov’s theorem in [1] are satisfied.

In order to ensure the global exponential stability of the
boundary layer dynamics for the moments of the original
system, we define the error variables

bi := E[z] — 71 (E[z], t),
by := E[z2” ]| — 2 (E[z], E[zz"], 1),

bs = IE[ZZT] — v3(E[z], ]E[ﬁmT]v t). (36)

Letting 7 := t/€ denote the time variable in the fast time
scale, it was shown in [9] that the boundary layer dynamics
of b; and bo, given by

D B, 2 — Babs,
are globally exponentially stable under Assumption 3. Next
we analyze the boundary layer dynamics of bs. From (36)
the derivative of the variable b3 with respect to time t is given

by

dbo

e@ _ Ed]E[zzT] 873(IE[:E] E[zzT],t)
dt dt ot
B 8V3(E[:U] ElzzT],t) dE[z]
OE[x] dt
873(153[1] E[zzT],t) dE[z2T)
B OE[zzT) dt (37)

Writing 7 = t/e, and using equation (25), the dynamics
of b3 in the fast timescale 7 are given by

B — gu(Elr), Elea"), B[] El22"), Elea™, 1, )
o 873(E[1‘}7E[‘I$T]7t) d]E[l‘} o 873(]E[33]7E[331'T],t)
OE|[z] dr or
973 (E[z], E[zz"], t) dE[z2 ]
- OE[zzT] dr ’ (38)

in which we have from Figure 2, that the moments of the
original system satisfy

dE[z]

o = c91(Elz],E[], 1), (39)
dE[;fT] = eg2(Ele], Elzz"), E[2], E[z27],1).  (40)
Using equation (15), we have that
Ol Blea 1) _ s dBoO) gyt oy
e B )7 (8T - en(Blel 0 B
+e% i BN (B[], 1 (Bfa], £),1,00e P Vo, a1

The boundary layer dynamic for bs are given by setting
e = 0 in (38) and using E[z] = 71(E[z],t), E[z2T] =
v2(E[z], E[z2T],t), and E[22T] = ~3(E[z], E[z2T],t). Due
to the linearity of the functions gi,9s,93,94,95 in the
commutative diagram of Figure 2, we have that the solutions
E[z], E[z], E[z2T], E[z2T], E[z27] exist and are bounded on
a finite time interval ¢ € [0,¢;] for some finite ¢; > 0.
Therefore, setting ¢ = 0 in (39) and (40) we have that
dIdE[f] =0 and %ﬂ =0.

Under Assumption 1, we have that is continuous
in ¢ and therefore it is bounded on the finite time interval
t € [0,t1]. Furthermore, we observe that, the matrix multi-
plications in the term e(B2*) A(E[z], y1 (E[z], t), ¢, 0)eB2 )
appearing in equation (41) results in linear combina-
tions of the entries of A. Therefore, due to the con-
tinuous differentiability of A with respect to its argu-
ments under Assumption 1, we have that the expres-
sion & [° eB2Y)A(E[z], y (E[m],t),t,o)e(BZT”)dv is con-
tinuous with ¢. Hence, it is bounded on the finite time

dBs(t)
dt



[0,t1]. Equation (41) thus implies that
5 0 when ¢ = 0. Therefore, setting
e = 0 in (38), using that f.(x,2,¢,0) = Biz + Baz +
Bs(t) and o, (,2,t,0)0,(z,2,t,0)7 = A(z,2,t,0) from
Assumption 1 and Assumption 2, and taking E[z] =
W(E[], ), E[zaT] = Ap(Efe],ElzaT],t), E[z21] =
v3(E[z], E[z2T],t), we obtain the dynamics for b3 as

dbs

T = (b2 + 72 (Efe] Elwa"], 1) BT

+ (bs + 73 (Ela], Efea” ], 6)) By + (b1 +m(E[z], ) Bs(t)"

+ Bi(b2 + 72(Ele], Elea"], )" + A(E[z], E[2], 1,0)

+ Ba(bs +73(Elz], Elzz”], )" + Bs() (b1 +m (Elz], 1))"
Substituting here the expression of 3 from (15), yields
dbs
dr
+ (bs — 72 (E[2), E[zz" ], ) BY (B )"
—m(Elz], t)Bs(t)" (B; )"
+9(Ela], 1) By + (br + 71 (Ela], 1) Bs(t)"
+ Bi(b2 + 72(Elz], Elza "], 1)) "

+ Ba(bs — 2 (E[z), Elzz" ], ) BT (By )"
—m(Elz], )Bs(t)" (By )" + ¢(Elz], 1))"

interval t €
8V3(E[w],]E[sz],t)

Elzx
Elzx

= (b2 +2(Elz], Elzz"], 1)) BY

+ Bs(t) (b1 + 7 (Ela], )" + A(Elz], n (Ele], 1),1,0).  (42)
From (13), we have that (E[z],¢) =
[ eB)N(Ez], 11 (E[a], 1), ¢,0)eP2 ) dv,  which s

the unique solution to the Lyapunov equation

Y(Ela],t)B; + B2y (Ela], ) = —A(E[z], 71 (E[a], 1), ¢,0).

(43)
Therefore using (43) in (42), we finally obtain
db
CT: = b3B3 + Babs + b2 BT + Bib3 + Bs(t)b] + b1 Bs(t)".

(44)

Under Assumption 3, we have that the matrix Bs is
Hurwitz and therefore the dynamics of b; and bs are globally
exponentially stable. Then, using the solution of (44) for bs
given by [14]

bs(7) = 527 b3 (0)e2 ™

+/ eBQ(T*U)(b2(,U)Bz" + Blbg(’U)T + B3(t)b1 ('U)T
0

+b1(0)Bs (1)) (™) dv,

it follows that there exists a positive constants C; and r; such
that [[b3(7) || < C1([|b1(0)]| 7+ [12(0) | 7+ [[3(0) [ )e ™",
where ||.||# denotes the Frobenius norm. Then, taking ¥ =
[b1 by bs3], and considering the exponential stability of by and
ba, we can write ||Y(7)||r < C||Y(0)||pe~"" for positive
constants C' and 7. Therefore, we have that the origin is
a globally exponentially stable equilibrium point of the
boundary layer dynamics.

Under Assumption 1 we have that the functions
g1, 92, g3, g4, g5 and their first partial derivatives with respect
to their arguments are continuous. We also have that the func-
tions 711 (E[z], 1), 72 (E[z], E[l‘xT], t), v3(E[z], E[xxT]v t)
have continuous first partial derivatives with respect to their

arguments. Due to the linearity of the functions g; and go,
the reduced system has a unique solution for ¢ € [0,#].
Therefore, the assumptions of the Tikhonov’s theorem are
satisfied. Applying the Tikhonov’s theorem to the moment
dynamics of the original we then obtain the result in (35).

|

A. Illustrative Example

Next, we consider again the motivating example in Section
1, and approximate the fast variable dynamics of the original
system by the reduced fast system z(t) = 1 (Z(t),t) +
g(Z(t),t)N given in (12).

Setting ¢ = 0, we obtain ~1(Z(t),t) =
9(Z(t),t), we solve the equation

g(z(t),0)g(z(t), ) (1) +(-1)g(z(t), t)g(z(t), )" = —vf
which yields g(Z(t),t) = /v1/2. Therefore, the reduced
fast system is given by

_ U1

Z(t) = —=N.

(t) 7

We have that E[z%] = %E[NQ], where E[N?] = 1. From
equation (11), we also have that the second moment of the
fast variab;e dynamics of the original system (9) is given by
E[2?] = 4. Therefore, it follows that |[E[z%] — E[z%]|| = 0
and that the reduced fast system provides a good approxi-
mation for the fast variable dynamics of the original system.

0. To obtain

V. EXAMPLE

In this section, we apply the results to a biomolecular
system that exhibits time-scale separation. Consider the
system given in Figure 3, where the transcription factor X
binds to the promoter p; and regulates the production of
protein G, while also binding to a non-regulatory binding
site po. It has been show that the amount of non-regulatory
binding sites - also referred to as decoy sites - can alter the
speed and the shape of the response of protein X [15], [16],
[17]. Stochastic effects of this system have also been studied
in [18], using the chemical Master equation. In this section,
we model the dynamics of the system using the chemical
Langevin equation and obtain a reduced model, taking into
account the time-scale separation in the system.

OG

Fig. 3: Transcription factor X regulates the production of protein
G, while also binding to non-regulatory binding site pa.

The chemical reactions for the system can be written as

onl on2

k(t) k k
follows: ¢ =— X, X +p1 = C1, X + po» = Oy,

01 koff1 kotf2



C, i Ci+G, G LN ¢, where k(t) is the production rate
of X, kon1, kot and kona/kome are the binding/unbinding
rate constants between the transcription factor X and the
promoters p; and ps, B is the production rate of the protein
G, and 01, o are the decay rate constants of X and G
respectively, which includes both degradation and dilution.
The total amount of promoters are conserved, and hence we
can write P,y = p; + C7 and Py = py + Cs. Denote by
Q the cell volume, and let 2 = 1 for simplicity. Then, the
chemical Langevin equations for the system can be written
as

% — k(t) = 51X — kom X(Pot — C1) + ko1 Ci
— kon2X (P2 — C2) + kom2C2 + /k(t)T1
— V01 XD — \/kom X (Pi1 — C1)T3 + ko1 C1T4
— Vkon2 X (Piz — C3)Ts + ko2 CaT's, (45)
% — komt X (Pot — C1) — ko C
kom X (Pi1 — C1)Ts — \/kog1 C1T4, (46)
dd%? = kon2 X (Pr2 — C2) — kog2C
kon2X (Prz — C2)Ts — \/kog2CaTs, (47)
% = BC2 — 62G + \/BC2T7 — V/5:GT's, (48)

where I'; are independent white noise processes. We assume
that the binding between the transcription factor X and the
promoters are weak, giving P;; > C; and P > Cs.
Therefore, we can write the system (45) - (48) in the form

dX
— =k(t) — 01X — kon1 X Pi1 + ko1 C1 — kon2 X P2

dt
+ kot2C2 + VE()['1 — V01 XT2 — Vkon1 X P T3
+ Vo1 C1T's — Vkon2 X Pi2l's + \/ ko2 Cols,

ac'

TtI = kon1 X Pi1 — kof1C1 + Vkon1 X Pi1l's — \/ ko1 C11 4,
dC'

TtQ = kon2 X Piz — kog2C2 + Vkonz X Pral's — \/ ko2 CaTs,
d

G
E = BCQ — 3G + \/602F7 — v02GTs.

We have that the binding/unbinding reactions are much faster
than protein production and decay [19], and thus we can
write € = 01 /kofr1, where € < 1. Letting kg1 = kog1/kon1»
kd2 = koff?/kon% and a = koff2/koffl we have konl =
01/(€kar), konz = ad1/(ekaz), ko1 = 61/€, and kogo =
ady /e. Then, with the change of variable y = X + C + Co,
we can take the system into standard singular perturbation
form

W _ k1)~ 61(y — Cr — Ca) + V/R(OTy

dt
d1(y — C1 — Co)Ty,
dC é
ETtI = ?;(y —C1 —Cy)Pu —6:C1
1)
+ \/g\/kil(y —Ci — CQ)Ptlrg — \/g\/mréh

d1

dCs ady

EW = %(y - Cl - CQ)PtQ - a(;lCQ

1)
+ ﬁ\/%(y — Cy — C2)Pial's — v/ev/ad1 Cal,
2
dG
o BCy — 062G + mf7 — V62GTs.

This system does not satisfy the sufficient conditions for
existence of a unique solution in [13], and we note that the
existence of a unique, well-defined solution for chemical
Langevin equations is an ongoing research question [20],
[21]. Therefore, in this case, we ensure that the parameter
conditions are chosen to give large enough molecular counts,
such that the argument of the square-root term remains pos-
itive for all simulations performed and used to numerically
determine the sample means.

Setting ¢ = 0, we obtain the function ~(y,t)

['Yl (ya t)la 71 (y7 t)Q] in the form

Py
ka1 Y

Py Pyo 1

ka1 + ka2 +
Pio
Raz Y

Py + Pyg +1

ka1 ka2

Ch = =7(y, 01,

Ca = =m(y,t)2.

Then, to obtain the function g(y, t) we consider the equation

9(y,)g(y.t)" B3 + Bag(y,t)g(y,t)" = —A(y, 11 (y, ), 1, (3,9)

where By and A are given by

B —515 — 6y —51%
2= _ Ex} — S22 ’
i a(51 Fuz a<51 Fas a51
- P
Pty | Pia
P12 4
k k
A= 41 2 2a81 Po
0 etz
Ztl oy T2
- Far T Egp T
The eigenvalues of B, are given by —¢§; and
61 (kaz P +ka1 (kaz+ P
— S (ka “Ij;lgjli a2+ Fea) where the parameters
01,kq1, Pio, kgo, Pro are positive. Therefore, we have

that the matrix By is Hurwitz. Then, solving the set
of linear equations in (49), we find that the matrix

g(y,t)g(y,t)T is given by

Pu Dy _ P Pio
% kdb(l:f Ras Y P Ea kdzly)
t1l t2 2 41
U+ 522 | “rntmy ke RV
and therefore we have
9(y,t)
fu i1 _ Py Prp
S { Fa(it fayy+ VA~ fay
tl t2 42 2
S+ VA [ “ha kY P21+ P2y 4 VA
V}Zhef S o (};% N P24 o272y and A =
Lt1 2 i1 Pio
ka1 ka2 1+ kar T s )y”.

Then, the reduced system is given by

dy 1
dt Far t ks 11

1
— 4|01y (P P >F2’
J e

|



Pio Pio
dG Bty By
— =2 565G+ | 52 T — V5GTs
P, P, P, P, )
A B i
Py
Y
G = Py jdﬁ 41
ka1 ka2
1 P, P, Py P,
4+ (A(l + ﬁ)y+ VAN, — Aﬁym)
S+ VA \kai ka2 ka1 ka2
w2y
Cr = fll,4_%§lz 41
ka1 ka2
1 Py P, P, P,
e (——“—”le + 21+ )y \/ANQ) :
S+ VA \ ka ka2 ka2 ka2
where N7 and N, are standard normal random variables.

Figure 4 shows the error in the moments between the
fast variable dynamics of the original system and that of
the approximation. The simulations are performed using the
Euler-Maruyama method for stochastic differential equations
and the moments are calculated using 500,000 simulation
runs.
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Fig. 4: Errors in the first and second order moments. The param-
eters used are k(¢t) = 10, §1 = 0.1, 61 = 1, kg1 = 1000, k4o =
1000, P,; = 1000, P;2 = 1000, 8 = 1, y(0) = 70, G(0) =
60, C1(0) = 20 and C>2(0) = 20. Moments are calculated using
500,000 simulation runs.

Remark: The above example is performed for illustration
purposes and shows how the reduction approach can be
applied to obtain the fast variable approximation. We also
note that calculating the function g(Z,t) from g(z,t)g(z,t)”
obtained through (16) may be challenging for systems with
high dimension. However, in many applications, the analysis
typically requires the calculation of statistical properties
such as the mean and the variance, which can be directly
calculated from the reduction approach using the functions
y(x,t) and g(Z,t)g(Z,t)” in equations (7) and (16), which
can be readily obtained.

VI. CONCLUSION

We considered a class of singularly perturbed stochastic
differential equations where the drift terms are linear and

diffusion coefficients are nonlinear functions of the state
variables. Building on the results in our previous paper [9],
where we obtained a reduced system that approximates the
slow variable dynamics, in this work, we obtained an approx-
imation for the fast variable, when the time-scale separation
is large. This result allows the derivation of a reduced-
order system with approximations for both slow and fast
dynamics, which is useful in many applications. In particular,
biomolecular systems consist of variables affected by both
slow and fast reactions, which can be represented in singular
perturbation form after a coordinate transformation. This
approach could be used to analyze the statistical properties
of such systems where the variables of interest are affected
by both slow and fast dynamics.

In future work, we aim at extending this analysis to
systems with nonlinear drift terms.
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