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Population-Level Model of the Transient Dynamics of a Toggle Switch
with Growth Feedback

Dylan Hirsch! and Domitilla Del Vecchio?

Abstract— Bistable genetic circuits that can be toggled be-
tween two states have been engineered in bacterial cells for
a variety of applications. These circuits often impose state-
dependent resource loads on the cell, creating growth feedback.
In the context of a population of cells, each with a copy of
the genetic circuit, cells in either circuit state grow at different
rates, thereby affecting the emergent population-level dynamics.
It is generally difficult to predict how this growth heterogeneity
will affect the composition of the population over time. In this
work, we consider an ODE population model and evaluate
its ability to predict the transient dynamics of the fraction
of cells in either state. These dynamics are driven by two
processes. The first is due to the difference in growth rate
between the cells in the two states, while the second process
arises from the probability that the circuit switches state. For
the latter, we compute switching rates for the toggle switch
using a Markov chain two-dimensional model and exploit the
system’s structure for efficient computation. We demonstrate
via simulations that the ODE model well approximates the
dynamics of the system obtained by a published population
simulation algorithm for sufficiently large molecular counts
and population sizes. The ability to approximate via ODEs the
population-level dynamics of cells engineered with multi-stable
circuits will be especially relevant to forward engineer such
circuits for desired population dynamics.

I. INTRODUCTION

Understanding how the feedback between a genetic circuit
and cellular growth rate affects population-level dynamics
is a significant challenge in synthetic biology. For example,
genetic toggle switches (Fig. 1a) are used to produce cellular
memory, with exposure to some signal causing the cell to
preferentially adopt one of two stable states [1]. Due to
molecular noise, a cell will eventually switch between these
stable states, losing memory of the earlier signal. As a result,
a population of cells initially biased to one of the stable states
will ultimately return to an equilibrium independent of its
initial state, with possible coexistence of both states. When
one of the proteins used to implement the toggle switch
places a higher burden on the cell growth rate (Fig. 1b),
however, cells producing high levels of that protein will grow
slower, thereby affecting the dynamics of the population [2],
[3].

Monte Carlo methods can be used to simulate the behavior
of cell populations in the presence of growth feedback [2].
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Fig. 1. (a) Circuit diagram for a bistable toggle switch with proteins A
and B that each repress the production of the other. A and B concentrations
in the cell are also lowered due to dilution. (b) Circuit diagram for a toggle
switch in which each protein also suppresses cellular growth rate, creating
a feedback loop between growth rate and circuit state.

In particular, the “Next Family” method can be used to run
an adaptation of the Stochastic Simulation Algorithm (SSA)
at a population level in &(NlogN) time, where N is the
number of cells in the population [2], [4]. Even this method,
however, can be computationally intensive when N is large
or when the time between reactions is small compared to the
overall simulation time. Most importantly, simulation-based
approaches offer little insight to forward engineer a genetic
circuit that results in desired population-level dynamics.

In [2], an ordinary differential equation (ODE) model was
used to approximate the steady-state fraction of cells in either
state of the toggle switch. However, setting the rate constants
of this ODE model requires repeatedly simulating a single
cell via Monte Carlo. Additionally, the approximation accu-
racy of this model was only investigated at the population’s
steady-state, without evaluation during the transient. In this
work, we introduce a similar ODE model to approximate the
subpopulation fraction dynamics of both states. Unlike [2],
we set the model parameters without requiring simulation,
but instead by computing suitable hitting times in a Markov
chain model of the toggle switch circuit. Like in [2], we will
assume throughout that the cells are exponentially growing
in a fixed-sized population, with a cell removed from the
population at random each time a cell divides. We refer
to such a setting as an “ideal turbidostat” [5]. We evaluate
via simulation how the agreement between the ODE model
and the Monte Carlo model changes as molecular counts in
each cell are increased and as population size increases. We
demonstrate via simulation that the approximation error can
be made small for sufficiently large molecular counts and
population sizes.

The paper is structured as follows: in Section II, we
describe the system; in Section III, we introduce the ODE
model and parameterization procedure; in Section IV, we
define our approximation metric; in Section V, we compare
the ODE model output to simulations from the Next Family
method.
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II. SYSTEM DESCRIPTION AND ASSUMPTIONS

In this section, we describe the system under investigation,
which is composed of a population of N cells, each with
an identical copy of a genetic toggle switch. Each cell can
stochastically produce and eliminate A and B molecules and
divide. Upon division, a cell produces a daughter cell with
the same number of A molecules and the same number of
B molecules. The daughter cell replaces another cell in the
population at random, keeping the population size fixed.
Below, we introduce the determinstic model for a toggle
switch with growth feedback, and then we precisely describe
the stochastic population model we take as ground truth for
evaluation of the ODE approximation.

A. Deterministic toggle switch model

We consider the following ODE model for a toggle switch
with growth feedback:

[A]=0f (7 ([A],[B]) +84)[A] (1)
dt A1+<%> A
d 1
41 = op H(mz—%([AHB])MB)[B] @
Y
Y ([A], [B]) = m7 3)

in which [A] and [B] are the concentrations of proteins A and
B within the cell, 6fx, 6Kx, 0Jx, and Jx are, respectively,
the maximal production rate, DNA dissociation constant,
growth feedback parameter, and degradation constant of
protein X (X € {A,B}), and 7y is the basal growth rate
constant [1], [2], [3]. Here, o > 0 is a unitless concentration-
scaling factor. Indeed, by dividing the left and right hand
sides of (1) and (2) by o and defining [A] = [4]/c and
[B] = [Bl/s, we obtain a o-independent toggle switch model
described by the scaled quantities [A] and [B] and parameters
ﬁx, Kx, Jx, 6)(, and Y.

Equations (1)-(2) are a standard model of a toggle switch
[1], with the exception of the state-dependent growth rate
constant (3), which takes a similar form as in [2], [3].
The growth-rate model assumes exponentially growing cells,
which is reasonable for population setups that are continu-
ously infused with new rich media and in which cell counts
remain constant, such as in a turbidostat [5].

Assumption 1. We assume that the parameters v, PBx, Kx,
Ox, and Jx (X € {A,B}) are all positive real numbers such
that (1)-(3) admits exactly two asymptotically stable steady
states, ([Alo,[Blo) and ([A]1,[B]1), and one unstable steady
state, ([Alus, [Blus), such that [Alo > [A]us > [A]1 and [B]o <

[Blus < [B]1. We denote the stable steady states of (1)-(2)
with o =1 bfy([A} [Bly) and ([A],,[B],), where [A], > [A],
and [B], < [B],. Then for general ¢ >0, the stable steady
states are (4]0, [Blo) = (0TAly,o[Bly) and (A]1,[B)1) —
(c[A],,0[B],). We view state (c[A],, o[B],y) as being the

“A-high, B-low” equilibrium state and (G[A],,0[B],) as the
“A-low, B-high” equilibrium state.

B. Stochastic population model

We consider a population with N cells. Accordingly, we
define the set of states of the system to be N(ZJN , Where
the vector x = (ay,by,...,ay,by) corresponds to the state in
which cell ¢ has a; copies of molecule A and b, copies
of molecule B. We henceforth refer to x as a “population
microstate.” Using the production and decay terms in (1)-
(2), we define the following four functions, which represent
the propensities for an individual cell to produce (+) and
eliminate (-) an A or B molecule given that it currently has
a copies of A and b copies of B:

rQa(a,b) = O'ﬁAV ) 4)

r{g(a,b) = O'BBV 5)

(
Gl
(%( >+%) (7)

In the above, V > 0 represents the cellular volume (treated
as constant), and the other parameters are as in (1)-(3). We
also define a function representing the rate at which a cell
with @ molecules of A and » molecules of B divides:
ﬁ@m:%<$€) ®)
We explicitly write the (infinite) infinitesimal generator
matrix Q for the minimal, continuous-time Markov chain
(CTMC) describing the population microstate as follows. In-
dex the population microstates N(Z)N using a bijective function
W N(%N — N. For each ¢,m € {1,....N} and each i,j € N,
define (infinite) matrices 0N and Q%™ element-wise:

/
rj.r-A(folax%) X =x-+ey_1
/
rOp(xae—1,%0) X =x+ey
~0oN o ;L
Qi,j - V_A()ng_l,)@[) X =X—ey—1
/
rop(xae—1,%20) *¥ =x—ey
0 else,

75 (x20—1.%2¢)
~€,m,0‘,N _ N
%

/
X =x+Aay eom—1 + Aby peom
else,

where e, is the r-th standard unit vector, x = 1 1(i), X =
' (J)s Admy = X20-1 — Xom—1, and Aby,; = Xop — Xo,. We
then define

ZQZGN+Z ZQ[WLGN
=

1m=1
0N = Q” D(Q°™M), 9)

where D(X) is the diagonal matrix with D(X)ix = Y;2 | X .

Each 0%V is a matrix, whose non-diagonal entries repre-
sent the rates at which the population microstate changes due
to cell £ producing or eliminating an A or B molecule. Each
QtmOoN is a matrix, whose non-diagonal entries represent
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the rates at which the population microstate changes due to
cell ¢ dividing and its daughter cell replacing cell m. Q
then represents the rate at which the population (dlrectly)
transitions from the population microstate with index i to
the one with index j (with i # j).

For convenience, if the population microstate is
(a1,b1,...,an,by), we refer to (as,by) as the microstate
of cell ¢. Fix a rational number Fpo € [0,1] such that
k= FpoN is an integer. Fpo represents the fraction of cells
whose initial A and B concentrations (4/v,b/v) are near
the state 0 equilibrium point (G[A],,0[B],), and 1 — Fyq
represents the fraction with initial concentrations near
(o[A];,o[B];). Specifically, we will assume the initial
microstates of cells 1,....k are each (|c[A],V],[c[B],V])
and that the initial microstates of cells k+1,...,N are
each ([o[A],V],|o[B];V]). This assumption is made
for simplicity and can be relaxed, as shown in the results
section. Denote the index of this initial population microstate
by ig N,

Define Z° = (ZZ"),>¢ to be a minimal CTMC on state
space N with infinitesimal generator matrix Q" and initial
state ig N We define the stochastic process representing the
population microstate as

(a?N(f)ab?’N(t), ...,a;‘N(t),bng(t)) _ Wl (Z;:FN)
We define the state O subpopulation fraction at time ¢ to be
1 N o,N ‘ bo’N .
o=y Lo TOE0)
NE\ BB

where 0(x,y) is 0if x <y, 1/2if x =y, and 1 if x > y.

C. Simulation Algorithm

The stochastic population model described in Section I1.B
is simulated via the Next Family method [2], where each
cell has the reactions o A, @ - B, A - J, B— @,
with associated propensity functions (4)-(7) and division
propensity function (8). At regular time intervals through the
simulation, the fraction of cells in which a/[a), is larger than
b/(8]; (with (a,b) the cell microstate) is computed to produce
an empirical value of FOG‘N (¢). Note that cells in which these
numbers are equal provide a count of 1/2 (see (10)).

III. ODE MODEL OF SUBPOPULATION
FRACTIONS

We here introduce a two-state cell population ODE model,
similar to that introduced in [6] and used in [2] for prediction
of the steady-state fractions of cells in either toggle switch
state. We then define and compute this model’s parameters,
and we 1nvest1§vate when this model provides a good approx-
imation to Fy ™ (t).

Consider a population of N cells with the following
properties. Each of the cells can be in either of two states,
denoted as 0 and 1, and switch instantaneously between these
states. The cells in state i have growth rate constants %
and switch to the opposite state with rate constant ;. Cells
in either state are also removed from the population with

equal rate coefficients, such that the total population size
remains constant. More precisely, let No(¢) and Ny (¢) denote
the number of cells in the population in each state at time .
The rate at which the number of cells in state i grows due
to lelSlOIl mlnus the rat@ at which these cells are removed
is ;N I ’H/’ NN, = YN ’N }/]NN], where j is the other
state. Assummg No(t) and Ni(t) are sufficiently large [7],
we can then write ODEs for the number of cells in either
state as follows:

d . No N
ENO 7’0 No—% 7Nl + oy Ny — oo
. Y
ENI :7’1 70 N0+010N0*051N1
Let Fo(r) = No(f)/N and Fi(t) = Mi(t)/N denote the fraction

of cells in state 0 and 1, respectively. We can rearrange the
first ODE and use the fact that () = 1 — Fy(¢) to find
%Fo = —AYE} + (11)
where Ay = Y% — 7. This equation gives the dynamics of the
state 0 subpopulation fraction (F| can be found as 1 — Fp).
It should be noted that while the ODEs for the total number
of cells in either state are different in the case of a growing
population (as in [6]), it can be shown that (11) is the same
in either setting.

In what follows, we set Ay, Q, and o using the param-
eters o, PBx, Kx, Jx, 0, and ¥, such that (on a finite time
interval [0,7]) the solution Fy(¢) to (11) provides a good
approximation to FN (r).

(Ay— o — o) Fy + i,

A. Defining Ay
To set the value of Ay, we first compute the growth

rate constants ¥ given by (3) at the equilibrium point
(o[A];, o[B];) of (1)-(2) and define:

Y= 7’}/ = 7 71:1 W,ly El-
+8h B

We then define

AYy=%—n- (12)

B. Defining 0y and o

We define o and ¢ in terms of the Markov chain that
describes the evolution of a single cell’s microstate. We make
the dependence of these rates on ¢ explicit with the notation
oo =0af and o) = o .

Specifically, index the set of cell microstates (a,b) € N3
with a bijective function Kk : N(Z) — N. For each ¢ > 0, define
the (infinite) infinitesimal generator matrix R® element-wise:

r94(a,b) d=a+1,b=>b
r9s(a,b) d=ab =b+1
RO, — r°,(a,b) d=a—1b =0
b r°p(a,b) d=ab =b-1
—Yse{+a+B-A-B} 75 (ah) d =ab =b
0 else,

13)
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where (a,b) = k(i) and (a’,b") = k1 (}).

Let X° = (X%),;>0 be a minimal CTMC with infinitesimal
generator matrix R°. Given a set . C N we define the first
passage time (FPT) of X into ., as

Y =inf{t >0:X° €.7}. (14)

Given an index p € N, we define the mean first passage time
(MFPT) of X° from p to . as

k7 =E |t | X§ = p|. (15)

Recall that [A], and [B], are defined such that
(c[A]y,0[B],) and (o[A],, 7] ) are the stable equilibria
of system (1)-(2), with [A] ml and o[B], < G[B]
Define the sets &/° = > 6[A],V,b < c[B], V}
and #° = {k(a,b) :a < Gﬁo ,b > o[B],V}. Define u®
x(|o[A], v

V],[o[B]yV]) and v° = Kk fGWNHG[BhVJ)-
We then define

; —1
c,B°
- ()"

C. Computing oy and oy

o.—
V =
QCI

o —1
af = (kfﬂ ) . (16ab)

To compute op and o, we use a similar approach to
[8]. Specifically, given a set . C N define k% to be the
(infinite) vector with i-th element k‘r . Note that R?; > 0 for
all i € N. Then a standard result for MFPTs (see for example
[9], Theorem 3.3.3) of countable state CTMCs indicates that

k® is the minimal non-negative solution to the equations
0 ies
{—):jeNRf]k;’/ 1 i¢s. (n
Define the (infinite) vector A° element-wise as A% = —ﬁ,
and let P° be the jump matrix of X, that is:
Po = 0 RO, = (18)
M -m i

1l

Denote by % the matrix P® with row and column indexes
in . removed, and denote by k% and 1%, respectively,
the vectors k% and A° with row indexes in .¥ removed.
Manipulation of (17) gives the matrix equation (cf. [8])

(I_pa,y)];c,yzia,f' (19)

The matrices and vectors in (19) when . = &/° or . =
9B° are infinite, so we use a truncation-based approach to
compute the MFPTs. For each r € Ny, define the set &, =
{x(a,b):a+b<r}and & =S UEC.

Proposition 1. Fix p € N and .¥ C N nonempty. Let k :
N(z) — N be bijective and for all i,j € N, and define the
element Rffj in the i-th row and j-th column of the in-
finitesimal generator matrix R® using (3),(4)-(7),(13), where
(a,b) = x71(i) and (a',b') = k7' (j). Let X° = (X°)i>0 be a
minimal, countable-state CTMC with mﬁmteszmal generator
matrix R®, and define k 7 and k T using (15). Also let
& and &, be as above. Then

kS = lim kG
r—yoo

(20)

The above proposition shows that rather than solve (19)
directly, we can compute an approximate value for o by
finding the minimal non-negative solution k°~ to

(1_130,54)ka _ 26,5’17

2D
with r sufficiently large.

In particular, let i =u® —|{j € Z°UEC : j < u®}| and
7 =0 —|{jeF°UEC: j <v°}|, with r sufficiently large.

&€ AOUEC FOUEE
Then k%70 = k%7" U and RGO kS e
can then approximate the sw1tch1ng rates by
-0, %% &C -1 -0, &C\
of ~ (k770) L e (R77T) L 2ab)

Remark 1. The matrices U = I — P%°Y5 and v =
[ — Po“°YEE are both invertible because P%°Y4° and
PO°UEC are irreducible and have row sums greater than
or equal to 1, with some rows having sums strictly greater
than 1 due to the removed states (see Lemma 1 in [10]).
Then (21) indeed has a unique solution. Solving a linear
equation involving a r*-dimensional square matrix generally
takes O(r®) operations. However, the indexing function K
can be chosen such that U and V are banded matrices with
bandwidth of order r (for example x(0,0) =1, x(0,1) =2,
k(1,0) = 3, x(0,2) =4, x(1,1) = 5,...). Using standard
banded matrix linear equation algorithms, (21) can then be
solved in O(r*) computation time [11].

IV. PROBLEM FORMULATION

Fix parameters B4, Bp, Ka, K, 04, O, Ja, Jp, ¥, such
that Assumption 1 is satisfied. Let N € N be the population
size, o > 0 the concentration-scaling parameter, and Fpo €
[0,1]NQ the initial state 0 subpopulation fraction, where
FyoN € Ny.

Consider FZ(t), the solution to (11) with initial condition
Fy(0) = Fyp for t on some interval ¢ € [0,T], where Ay is
given by (12), and o9 = «f and «; = o are given by
(16a,b). Let FOG’N(t) be the “true” state 0 subpopulation
fraction defined by (10). We define the approximation error
by

ean(t) = |7 (0) B[R ()]

; (23)

which we next computationally evaluate for z € [0,T] as &
and N are increased.

V. MAIN RESULT: COMPUTATIONAL
EVALUATION OF APPROXIMATION ERROR

In this section, we compare the trajectory FC(t) of the
subpopulation fraction model (11) with parameters defined
by (12) and (16ab) to the expected value of FOG’N(t),
simulated as described in Section II.C.

Results are summarised in Fig. 2 and Fig. 3. These results
indicate that for a given ¢, €5 y(f) may be made as small as
desired by making ¢ and N sufficiently large. Intuitively, as
o becomes larger and molecular counts grow, the switching
rates reduce. We would expect in this case that cells starting
near either stable equilibria tend to stay by this equilibria and
grow at rates close to the growth rates at the deterministic
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(a) o=1,N=10* (b)
1.0

————————— 1.0
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(c) o=4,N=10° (d) o=8,N=10°
— 1.0 ’."n(.iﬂﬂﬂ“ﬁm 1.0 1 K,,.-'"““‘"“"
= rdl ya .
i_ f" Vs Fo(t)
o031 4 031/ = Folt
[ e d Foo M(t
y Y t 0% ).
0 50 100 0 50 100
Time t (hr) Time t (hr)
© 0
2 Standard Initialization
W 10-1 EEE Alternate Initialization
e
S
w
10-2
1 2 4 8
Concentration-scaling parameter o
Fig. 2. Comparison for various values of o of numerical estimates of

E[FZN(1)] (given in (10)) over time with the solution, £Z(7), to (11)
with initial value Fyo. Parameters were set as B4 = g = 30 molecules -
um=>hr~!, K4 = Kz = 10 molecules - um—3, §4 = 8z = 0.1hr ™!, Jy =
750 molecules - um >, Jp = 150 molecules- um—>, y = !, v = 1um?,
and Fpo = 0.1. 900 replicate simulations were performed using N = 104
cells. Values of FOG'N(I) were sampled during simulation for each ¢ €
{0,...,100} and averaged at each time point. Standard error bars for the
numeric estimates are shown but typically too small to see. For each o,
Ay was computed using (12) to be approximately 0.1064hr™!, and o
and o were computed by using (21)-(22a,b) with r = 500. In addition
to the primary approximation (£ (f)), the solution to (11) with initial
condition Fpg, Ay given by (12), and o9 = oy = 0, which is denoted as
Fo(t), is also shown. (a) Results for 6 = 1. oy ~ 1.58 - 10~2hr~! and
oy &~ 1.10-1072hr~!. (b) Results for 6 = 2. o ~ 7.01 - 10 3hr~' and
a1 7 3.46-1073hr!. (c) Results for 6 = 4. o ~ 1.69 - 10~hr~! and
o ~4.24-10~*hr!. (d) Results for 6 = 8. o ~9.05- 10~hr~! and
oy &~ 5.82-107%hr'. (e) Maximal errors across time points in (a)-(d)
(“Standard Initialization). To check for robustness of results with respect to
the initial population microstate, trajectories in (a)-(d) were recomputed (not
shown) when initial cell microstates were chosen stochastically. Specifically
for each cell £ € {1,...,FhyoN}, the microstate, (a?’N,b?’N), of cell £ was
initialized as af’N(O) ~A{c[A],V} and bg'N(O) ~ A{c[B],V}, and for each
¢ € {FoN +1,..,N}, a>"(0) ~ A{c[A],V} and b7V (0) ~ A{c[B],V},
where A{x} is a Poisson distribution with mean x. The errors for this case
are also displayed (“Alternate Initialization”).

equililibria, giving plausibility to the deterministic model
(11). Computation of the parameters ¢ and ¢ help account
for effects due to switching when o is small or moderate.
As N increases, effects associated with the discrete number
of cells in the population, such as those due to noise and
subpopulation fractions hitting 0, also become attenuated.

Remark 2. In Fig. 2 and Fig. 3, approximations using a
second model Fy(t) are shown. Fy(t) is defined to be the
solution to (11) with initial condition Fy(t) = Fyo, when Ay
is defined by (12) and o = a1 = 0. The results in Fig. 2
and Fig. 3 indicate that this simplified ODE model may also
provide a good approximation for IE[FOG’N(I)] when 6 and N
are sufficiently large. However, for ¢ of small or moderate

(a) oc=8N=102 (b) o=8,N=103
1.0 ———— 1.01 —
= / // ..__..
5 0.5 / 0.5 1 /
u? // e
‘@‘ / (:"
0.0 Ly 0.0l _
0 50 100 0 50 100
(c) o=8,N=10% (d) o=8,N=10°
_L0; | 101 o
S v
= L* -
5_ 0.5 £ 0.5 Fo(t)
o 'l -
= 3 --- Folt)
w "/ bR
0.0 1= § . 0.0 i¢ . v
0 50 100 0 50 100
Time t (hr) Time t (hr)
© 0
EE Standard Initialization
o 10-1 EEm Alternate Initialization
e
S
5 |
1072

102 103 104 10°
Population size N

Fig. 3. Results from simulations and ODE approximations with parameters
identical to those in Fig. 2 except that Fyp = 0.01, o = 8 throughout and
N is varied rather than . (a)-(d) Results for various values of N. In each
case, 0 ~9.05-10~>hr~! and o) ~ 5.82-10~®hr~! were computed using
using (21)-(22a,b) with r =500. (e) Maximal errors for each N.

(2) o=1,N=10% (b) oc=8,N=10%
S 041 0.41 —— Fool(t)
i === Fo(t)
."'_.? 0.2 1 s 0.2 b OFeoN)
0 /
0.04f=mmmmmmm oo 0.0 Lssesssosmerresssarsarrresransase
0 50 100 0 50 100
Time t (hr) Time t (hr)

Fig. 4. Results from simulations and ODE approximations with parameters
identical to those in Fig. 2 except that Fy g =0, and J4 = Jp = 750 molecules-
um—3 so that the toggle switches are symmetric and Ay = 0. (a) Results for
c=1.0p=0; ~1.82-10"2hr"'. (b) Results for 6 = 8. ay = a; ~2.09-
10~*hr~!. Switching rates were computed using (21)-(22a,b) with r = 500.

size, this model may produce poor results because it does not
account for cells switching between states (Fig. 4). Indeed,
as shown in Fig. 4, the simplified model is only accurate
when the switching rates are small enough that they need
not be accounted for.

VI. CONCLUSION

In this paper, we introduced and evaluated an ODE-based
approximation for the subpopulation fraction dynamics of
exponentially growing cells engineered with toggle switch
genetic circuits with growth feedback in a turbidostat. For
sufficiently large parameter scaling factors ¢ and population
sizes N, computational analyses show good agreement of
the ODE model and numerical population simulations on
fixed, finite time intervals. Importantly, the parameters for
this approximate model can be computed without simulation.
The ability to efficiently quantify and design population-
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level behavior of toggle switches via this approximate model
may be useful for applications requiring the engineering of
populations with subpopulations that partition in a desired
way.

APPENDIX

To prove Proposition 1, we need two results. The first
is from [12], and the second follows directly from [13] (in
particular see their Theorem 1.1, conclusions (iii) and (v)).

Theorem 1. (see [12], Theorem 2.3) Let R be the infinites-
imal generator matrix (assumed to have finite entries and
rows that sum to 0) of an irreducible, time-homogeneous,
Markov process X = (X;);>0 on state space N. If for some
vector y = (y;)ien with finite, non-negative elements and for
some finite set F C N, R satisfies

VieF¢ YRy <-1 i)
j

VieF ZR,'_J'yj < oo, (ii)
J
with lim;_ey; = oo, then all states in X are ergodic (with
ergodicity of state j defined by the condition lim,_,. P(X; =
jlXo =j)>0).

Note that for the chain X in the theorem, ergodicity of
a non-absorbing state in this sense is equivalent to positive
recurrence of the state (see §1.1.7,§1.1.8 of [14]). Because
X is assumed irreducible, positive recurrence of all states in
turn implies that the MFPT of X from any state to any set
of states is finite (see footnote in [15]).

Theorem 2. (see [13], Theorem 1.1, conclusions (iii),(Vv))
Let R be the infinitesimal generator matrix (with finite entries
and rows that sum to 0) of a minimal, time-homogeneous,
Markov process, X = (X;);>0, on state space N for which the
initial distribution is O for all states outside of some finite set.
Consider a sequence & C & C ... whose union is N, a set
€N, and a sequence of positive real numbers t} < t]% <.,
with t} — 0o as r — oo, If E[min(t”,T%)] < co then

E[min(t”,7%)] — E[min(t”,#})1 -0 (24

P Srg,c]
as r — oo, where 1, is the indicator function that is 1 when

its argument is true and 0 otherwise, and ©°° is the FPT of
X into 7.

Proof of Proposition 1. To begin, notice that R°® is ir-
reducible. Indeed for each (a,b) € N3, Ri(ab) k(at1.b)s
Ri(ap) x(ab+1)s Ri(ar1p)xap)s N4 R pi1) kap) are all
positive, and Ry(4,p) x(a,p) 18 finite.

We show that the conditions of Theorem 1 apply to R®
with 144 = el@b)h where h is chosen large enough that
81> (8a+7y)e™" and 8 > (8 +7y)e™" (recall it is assumed
that 64 > 0 and 8z > 0), and F is chosen such that its
complement, F' C. is the set of K(a,b) for which

(0BaV +0BpV)e +e @D < (84 — (84 +1)e )a
+ (85 — (8 +7)e )b

Note that this choice of FC implies F finite. The only
nontrivial condition to check is (i). Let (a,b) be such
that x(a,b) € FC. Then, simple manipulation of the above
equation gives

(GﬁAv+GBBV)e(a+b+l)h+
((8a+7Y)a+ (8g+1)b)el P~V 11 < (§ya+ Spb)el ™),
From the definition of y and noticing that 0 < r9,(a,b) <
oPaV. 0 <rSg(a,b) < oPpV, dpa <r°,(a,b) < (04 +7)a,
and Ogb < r°y(a,b) < (8g+¥)b, the above equation implies
that

r-?—A (a’b)yk(a+l,b) + riB (aa b)yk(a,bJrl)
+724(a,D)Y(a—16) +178(@D)Yi(ap-1) 1
< Z rg(avb)yk(a,h)a
s€{+A,+B,—A,—B}

which is equivalent to )" jR():(a,b),jyj < —1, i.e. condition (i).
Without loss of generality, we may assume that X has initial
state p. Because X is positive recurrent, its explosion time

T* = o almost surely (see [9], Theorem 3.6.3).

~ (S 7
Notice that E |min(t ’tf)lrygré‘rc} <E [‘L’ 1,

T <1:ng} <
E [min(z”, 75 E[¢79] = E[t”]. Thus

E min(’r'y,t})lryggrc} < E[Ty’] < E[T‘y]. Combining
this fact with Theorem 2, we see that as r — oo,

E[T'%] fE[T’y] — 0. Because the initial state of X"

is assumed to be p, E [‘L'y'] = kg"y}’ and E [Tﬂ = kg"y.

Our result follows. O
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