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Abstract. Continuous-time Markov chains are frequently used as stochastic models for
chemical reaction networks, especially in the growing field of systems biology. A fundamen-
tal problem for these Stochastic Chemical Reaction Networks (SCRNs) is to understand
the dependence of the stochastic behavior of these systems on the chemical reaction rate
parameters. Towards solving this problem, in this paper we develop theoretical tools called
comparison theorems that provide stochastic ordering results for SCRNs. These theorems
give sufficient conditions for monotonic dependence on parameters in these network models,
which allow us to obtain, under suitable conditions, information about transient and steady
state behavior. These theorems exploit structural properties of SCRNs, beyond those of
general continuous-time Markov chains. Furthermore, we derive two theorems to compare
stationary distributions and mean first passage times for SCRNs with different parame-
ter values, or with the same parameters and different initial conditions. These tools are
developed for SCRNs taking values in a generic (finite or countably infinite) state space
and can also be applied for non-mass-action kinetics models. When propensity functions
are bounded, our method of proof gives an explicit method for coupling two comparable
SCRNs, which can be used to simultaneously simulate their sample paths in a comparable
manner. We illustrate our results with applications to models of enzymatic kinetics and
epigenetic regulation by chromatin modifications.
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1 Introduction

1.1 Overview

Stochastic Chemical Reaction Networks (SCRNs) are a class of continuous-time Markov
chain models used to describe the stochastic dynamics of a chemical system undergoing a
series of reactions which change the numbers of molecules of a finite set of species over time.
These models provide a framework for the theoretical study of biochemical systems in areas
such as intracellular viral kinetics (see Srivastava et al. [25] and Haseltine & Rawlings [17]),



enzymatic kinetics (see Kang et al. [20] for example) and epigenetic regulation by chromatin
modifications (see Bruno et al. [8] for a recently developed model of chromatin regulation).

One of the most interesting questions for biochemical system models is: “What effect
does changing reaction rate parameters have on system dynamics?” Indeed, different rate
parameters for chemical processes can lead to different stochastic behaviors. One possible
approach to evaluate the effect of parameter variations on system dynamics is through
comparison theorems for stochastic processes. More precisely, this type of theorem provides
inequalities between stochastic processes (see Muller & Stoyan [24] for a general reference
on this topic).

In this paper, we employ uniformization and coupling methods (see Grassmann [14] and
Keilson [21]) to derive comparison theorems for SCRNs under verifiable sufficient condi-
tions. These theoretical results enable us to develop two novel theorems yielding a direct
comparison of mean first passage times and stationary distributions between SCRNs with
different rate parameters or initial conditions. We apply these theorems to several exam-
ples to illustrate how they can be used to understand how key biological parameters affect
stochastic behavior. While a major motivator for our work has been the study of SCRNs,
we state our theorems in the context of continuous-time Markov chains, for which the state
space is a subset of Zi (the set of d-dimensional vectors with non-negative integer entries),
and the set of all possible transition vectors is a finite set. This thereby allows for other ap-
plications that have similar characteristics to SCRNs. In addition, for the case of bounded
transition intensities satisfying our conditions, we give an explicit concrete coupling of two
comparable Markov chains, which can be used to simultaneously simulate them in such a
way that their sample paths are monotonically related.

The paper is structured as follows: in Section 2 we introduce some background on stochas-
tic chemical reaction networks needed for this article. We present the main results in Section
3, with proofs provided in Section 5. In Section 4 we apply our theoretical tools to several
examples, such as epigenetic regulation by chromatin modifications and enzymatic kinetics.
Concluding remarks are presented in Section 6. The Supplementary information (SI) file
contains some further details and extensions of the main results and examples in the paper.

1.2 Related work

Due to the growing field of systems biology, the mathematical study of chemical reaction
networks has seen a wealth of activity lately. Concerning comparison results, considerable
work has been conducted on monotonicity properties for deterministic models of chemical
reaction networks, i.e., systems of ordinary differential equations describing the dynamics of
species concentrations. For example, Angeli et al. [5] proposed a graphical method, based
on the monotonicity properties of the reaction rates with respect to species concentrations,
to determine global stability properties for the models. More recently, Gori et al. [13]
introduced sufficient conditions to verify the existence of a monotonicity property for the
concentrations of species for any positive time with respect to their initial concentrations.
However, these works do not address how changing parameters affects the behavior of
stochastic models.

To the best of our knowledge, no systematic study of stochastic ordering has been con-
ducted for stochastic chemical reaction networks. On a more general level, theorems have
been established for stochastic processes and have been specialized for particular classes
such as for queueing systems and point processes (see Muller & Stoyan [24] for an introduc-



tion to the topic). For Markov chains, the work of Massey [22] is of special interest, since
he establishes criteria for comparison of continuous-time Markov chains in terms of their
infinitesimal generators. For relevant work prior to Massey, there is a nice summary in [22].
In particular, Kamae et al. [19] showed that for Markov processes, a comparison between
transition probability functions, at all fixed times and for all partially ordered starting
points, can be realized in a pathwise stochastic comparison between versions of the Markov
processes. In relation to Massey’s work, our results provide simplified conditions and ex-
tended results for stochastic comparisons, which exploit the structure of stochastic chemical
reaction networks. Furthermore, unlike Massey, we do not require a uniform bound on the
rates of leaving each state. In addition, under the latter assumption, we explicitly construct
versions of the stochastic processes on the same probability space that have comparable
sample paths. More detail on the relationship of our work to that of Massey is given in
Remark 3.2. In contrast to work on sensitivity analysis of distributions at a finite set of
times and which considers only local changes in parameters (see for example Gunawan et
al. [15], Gupta & Khammash [16] and references therein), our work provides a sample path
comparison between stochastic processes for global changes in their parameters.

1.3 Notation and Terminology

Denote by Z; = {0,1,2,...} the set of non-negative integers. For an integer d > 1 we
denote by Zi the set of d-dimensional vectors with entries in Z. For any integer d > 1,
let R? denote the d-dimensional Euclidean space. We usually write R for R!. We denote
by IRi the set of vectors z € R? such that z; > 0 for every 1 < i < d. For xz € ]Rd, let
|z|lcc = Supj<;<q|zi| be the supremum norm. In this paper, the sum over the empty set is
considered to be 0.

A binary relation < on a set X will be called reflexive if x < x for every x € X, transitive
ifx X yand y < z implies z < z for every z,y,z € X and antisymmetric if x < y and
y < « implies z = y for every x,y € X'. A preorder is a binary relation that is reflexive and
transitive. A partial order is a preorder that is antisymmetric.

In this paper, a probability space (€2, F,P) will consist of a sample space (2, a o-algebra of
events F and a probability measure P on (€2, F). We will say that two real-valued random
variables Y)Y’ (defined on possibly different probability spaces) are equal in distribution,

denoted as Y/ & Y, if their cumulative distribution functions agree. All stochastic processes
considered in this paper will have right-continuous sample paths that also have finite left-
limits.

2 Stochastic Chemical Reaction Networks (SCRNs)

In this section we provide necessary background on Stochastic Chemical Reaction Networks.
The reader is referred to Anderson & Kurtz [3] for an introduction to this subject.

We assume there is a finite non-empty set ./ = {S1, ..., Sy} of d species, and a finite non-
empty set Z C Z4 x Z2 that represents chemical reactions. We assume that (w,w) ¢ %
for every w € Zﬁlr. The set . represents d different molecular species in a system subject to
reactions % which change the number of molecules of each species. For each (v—,v") € Z,
the d-dimensional vector v~ (the reactant vector) counts how many molecules of each
species are consumed in the reaction, while v* (the product vector) counts how many



molecules of each species are produced. The reaction is usually written as

Z(U_)z‘sz‘ — Z(U+)isi- (2.1)

To avoid the use of unnecessary symbols, we will assume that for each 1 < ¢ < d, there
exists a vector w = (a1,...,aq)7 € Z¢ with a; > 0 such that (w,v) or (v,w) is in % for
some v € Z%, i.e., each species is either a reactant or a product in some reaction.

The net change in the quantity of molecules of each species due to a reaction (v=,v") € Z
is described by v — v~ and it is called the associated reaction vector. We denote the set
of reaction vectors V := {v € Z¢ |v = v+ — v~ for some (v—,v") € #Z}, let n := |V| the size
of V and enumerate the members of V as {v1,...,v,}. Note that V does not contain the
zero vector because #Z has no elements of the form (w,w). Different reactions might have
the same reaction vector. For each v; € V we consider the set %, := {(v™, vt e Z|v; =
vT — v~ }. The reaction vectors generate the stoichiometric subspace £ := span()). For
z € R%, we call z 4+ £ a stoichiometric compatibility class.

Given (., %) we will consider an associated continuous-time Markov chain X = (X1, ..., Xy),
with a state space X contained in Z¢ , which tracks the number of molecules of each species
over time. Roughly speaking, the dynamics of X will be given by the following: given
a current state r = (x1,...,24) € X C Zi, for each reaction (v—,v") € Z, there is a
clock which will ring at an exponentially distributed time (with rate A, ,+)(z)). The
clocks for distinct reactions are independent of one another. If the clock corresponding to
(v™,vT) € Z rings first, the system moves from z to x +v™ — v~ at that time, and then
the process repeats. We now define the Markov chain in more detail.

Consider a set of species . and of reactions #Z, a set X C Z‘i and a collection of
functions {A¢,- vty : & — Ry}, »+)es such that for each z € X and (v™,v") € £, if
z4+vt —v" ¢ &, then Ay, ,+y(x) = 0. Now, for 1 < j <n, v; €V, define

Ti(z) = Y. Ap-n(@) (2.2)

(v— ,v+)€<@vj

Note that for each z € X and 1 < j < n, if v +v; ¢ X, then T;(z) = 0. A stochastic
chemical reaction network (SCRN) is a Markov chain X with state space X and
infinitesimal generator' Q given for x,y € X by

T(x) if y—a =wv; for some 1 < j <n,
Quy = = 2= Ti(z) ify=ux, (2:3)
0 otherwise.

The functions {A(,~ ,+) : & — Ry}, vt)ez are called propensity or intensity func-
tions. A common form for the propensity functions is the following associated with mass

action kinetics:
d

Aoy (@) = K ey [ [ (@) @i (2.4)

=1

!Note that Q is sometimes called an infinitesimal transition matrix although it may have countably many
“rows” and “columns”. The entries @z, for z # y are the infinitesimal transition rates of going from x to
y: PX(t+h) =y|X(t) =2] = Qz,yh + o(h) as h — 0.



where {K (- »+)} - v+)ez are positive constants and for m, ¢ € Z,, the quantity (m), is
the falling factorial, i.e., (m)o:=1and (m);:=m(m—1)...(m—£+1).

Remark 2.1. Our definition of SCRN allows for some model flexibility. Notice that the
propensity functions are not necessarily defined on the whole lattice Zi and they are not
necessarily of the form (2.4). Indeed, in some of our applications, mass-conservation laws
restrict the possible values that X may take (see Example 4.4). In addition, there may be
other types of kinetics, such as those described by Hill functions (see Example 4.5).

A convenient way to represent such a Markov chain is given in Theorem 6.4.1 of Ethier
& Kurtz [12]. For this, consider a probability space (£2, F,IP) equipped with independent
unit rate Poisson processes Ny, ..., N,. There is a version of X defined on ({2, F,P) such
that

X(t) = X(0) + ZZ: N, (/Ot T, (X(s)) ds) , (2.5)

for every 0 <t < 7, where 7 is the explosion time for X (which may be +00). From (2.5), it
is easy to see that for a SCRN X with initial state z € X', X (¢) will stay in the stoichiometric
compatibility class z + £ intersected with Zi for all time 0 < ¢t < 7, with probability one.
For this reason, sometimes it will be convenient to choose X = (z + £) N Zi, for a fixed
z € ZSIF.

While our work was initially motivated by questions for SCRNs, we will first develop our
results in a more general context of continuous-time Markov chains, for which the state
space is contained in Zi and the set of all possible transition vectors is a finite set, and
then illustrate them for SCRNs.

3 Main Results

The general stochastic ordering results provided in this paper are relative to a preorder
relation on a state space X C Zi C R We will define the preorder on all of R and
then restrict it to various subsets. We introduce this notation and related notation in
Section 3.1. In Section 3.2 we present the main results of this article, and in Section
3.3 we discuss relevant consequences for the comparison of (mean) first passage times and
stationary distributions.

3.1 Preorders in R?

Let m,d > 1 be integers. Denote by < the usual componentwise partial order on RY, i.e.,
for z,y € RY, x < y whenever z; < y; for every 1 < i < d. Additionally, we write z < y
whenever z; < y; for every 1 < ¢ < d. For the rest of the paper, we consider a matrix
A € R™*4 where no row of A is identically zero.

Definition 3.1. For 2,y € R?, we say that 2 <4 y whenever A(y — z) > 0.

For the matrix A, consider the convex cone K4 := {z € R?| Az > 0}. Note that x <4 ¥y
holds if and only if y — 2 € K 4. Moreover, the relation <4 is reflexive and transitive, and
therefore a preorder on R%. Also, for this relation,

if z <4y, then o+ 2z <4 y + z for any z € R% (3.1)



For any = € R? consider the set
Ki+rz={yeR¥|A(y—2) >0} ={ye R |z <4y}

In the coming sections, we will consider the notions of increasing and decreasing sets with
respect to <4 in a given subset of Zi. More concretely, consider a non-empty set X C Zi.
We will say that a set I' C &X' is increasing in X with respect to <4 if for every € I and
y € X, x <4y implies that y € I'. We observe that, for x € X, the set

(Kat+z)nX={yeX|z=<ay} (3.2)

is increasing in X by the transitivity property of <4. On the other hand, we will say that
a set I' C X is decreasing in X’ with respect to <4 if foreveryx e 'and y € X, y 4 =
implies that y € I'. We will say that a point = is maximal (resp. minimal) in X if for
every y € X, x <4 y (resp. y <4 =) implies that x = y. In this case, the set I' = {z} would
be increasing (resp. decreasing) in X'.

Remark 3.1. If rank(A) = d, then the relation <4 will be antisymmetric and therefore
a partial order on R?. Indeed, if rank(A) = d, then A(y — x) = 0 implies that z = y. In
addition, <4 will then be a partial order when restricted to X C Zi. Throughout this
article, we will not assume that rank(A) = d and therefore, the relation <4 might not be a
partial order on X' (see Examples 4.1, 4.2, and 4.3).

3.2 Stochastic Comparison Theorems

The fundamental objects in the following results are a non-empty set X C Z‘i and a pair
of continuous-time Markov chains X and X with the same state space X and where it is
assumed that the set of all possible transition vectors for X or X is a finite set. We denote
the size of this set by n. A primary example of this setup is two stochastic chemical reaction
networks as described in Section 2 with different propensity functions. We will now formally
introduce the notation for stating our results.

Consider a non-empty set X C Z%, an integer n > 1 and a collection of distinct vectors
vy, ... v, in Z%\ {0}, where 0 is the origin in Z?. Consider two collections of functions
T =(Yy,...,Y,) and T = (Tl, LT n) defined on X and taking values in R, such that
forevery 1 <j<nandx € X:

if z+v; ¢ X, then Y;(x) = Tj(z) = 0. (3.3)

Consider a continuous-time Markov chain X on the state space X with infinitesimal gener-
ator Q = (Qz,y)zyex defined for z,y € X by

T;(x) it y —x =wv; for some 1 < j < n,
Quy =49 -2 Ti(x) ifr=y, (3.4)
0 otherwise.

Con81der the analogous continuous-time Markov chain X with infinitesimal generator Q

n (3.4) but with functions Yi,...,T, instead of Tl, ey Yn. We call X and X the
continuous—time Markov chains associated with Y and T respectlvely. We will assume that
X and X do not explode in finite time. The following is our main result.
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Figure 1: Pictorial representation of conditions (3.5), (3.6) for a certain (K4 +2z)NX in
a two-dimensional lattice. Here, X = {0,1,2,3} x {0,1,2,3}, n =4, v; = (0,1)T, vy = (1,0)7,
v3 = (0,—1)T, vy = (—1,0)T, where T denotes transpose, A = [2 — 1], and (Ka +2)N&X = {w €
X|[2 —1](w—x) > 0}. In the graph, (K4 + )N X consists of the states (black dots) that lie in the
light orange region and the arrows represent possible transitions along vq, v2, v3, v4 between states.
For the exhibited states z,y € X with z <4 y, the light green (dark green) and light red (dark red)
arrows represent the transitions with rates Yo(x) (T2(y)) and Y4(z) (T4(y)) for the Markov chain

o

X (X). Higher transitions rates are associated with thicker arrows. To check the conditions (3.5)
and (3.6), since y +v4 ¢ Ka +x and y ¢ Ka + @ + v2, we need to check that T4(y) < Ty(x) and
Ta(y) = Ta().

Theorem 3.1. Consider a non-empty set X C Z% | a collection of distinct vectors vy, . .., vy
in Z4\ {0} and two collections of non-negative functions on X, ¥ = (Y1,...,T,) and
T = (T1,...,Tn), such that (3.3) holds and the associated continuous-time Markov chains
do not explode in finite time. Consider a matriz A € R™*? with non-zero rows and suppose
that for every x,y € X such that © <4 y the following hold:

v

T;(y) <Y (x), foreachl<j<n suchthaty+v;e X\ (Kas+x), (3.5)

and

9

T,(y) > Y;(x), foreachl<j<mn suchthatx+v;e X andy ¢ Ka+x+v;. (3.6)

Then, for each pair x°,&° € X such that z° <4 @°, there exists a probability space (2, F,P)
with two continuous-time Markov chains X = {X (t), t > 0} and X = {X(t), t > 0} defined
there, each having state space X C Zi, with infinitesimal generators Q@ and Q, associated
with Y and YT, respectively, with initial conditions X (0) = z° and X (0) = #° and such that:

P | X(t) <4 X(t) for everyt > 0] =1. (3.7)

An example of checking conditions (3.5) and (3.6) is given in Figure 1. The proof of
Theorem 3.1 is given in Section 5.1. The main idea in the construction of the processes X
and X is uniformization (see Chapter 2 in Keilson [21]) together with a suitable coupling.
Our proof uses a single Poisson process together with a sequence of i.i.d. uniform random
variables to determine potential jumps for the two continuous-time Markov chains, where
for X and X , potential jumps in the same direction v; are coupled together, and their prob-
abilities of acceptance are given by normalized versions of their infinitesimal transition rates



T; and 'fj. Uniformization can be done provided the diagonal terms of the infinitesimal
generators are uniformly bounded in size. In the proof of Theorem 3.1, we initially make
this assumption on @) and Q in order to construct X and X. We then generalize the result
to Markov chains that do not explode in finite time by using a truncation and limiting
procedure. The construction mentioned here, for the case where the diagonal terms of the
infinitesimal generators are uniformly bounded in size, besides playing a key role in our
proofs, is also the basis for an algorithm described in Section S.4, which provides a way to
simultaneously simulate the processes X and X ina comparable manner.

Remark 3.2. In Theorem 5.3 of Massey [22], the author provides a necessary and sufficient
condition for stochastic comparison of continuous-time Markov chains at each fixed time
for all partially ordered initial conditions. By the work of Kamae et al. [19], the conditions
in [22] imply the existence of a coupling of continuous-time Markov chains so that a relation
such as (3.7) holds. Massey’s condition requires that > r Quw < >, cr Qyw for every
r <4 y and every set I' C X that is increasing in X with respect to <4 and such that
either x € T or y ¢ T". These inequalities can often be difficult to check since first, they
involve computing sums of terms in the infinitesimal generators and second, the form of all
increasing sets can be hard to determine. In Theorem 3.1 we overcome these obstacles by
providing simplified sufficient conditions that involve only pointwise comparison of entries
in the infinitesimal generators associated to each of the transition vectors v;. Besides this
practical value, in our context, our results go beyond the work of Massey [22], since he
assumes that <4 is a partial order (we only assume preorder) and he assumes that the
diagonal entries of the infinitesimal generators are bounded (we generalize to non-exploding
Markov chains). Our proof has a commonality with the work of Massey in the sense that we
also use uniformization. It is different in the sense that, when infinitesimal transition rates
are bounded, we construct an explicit coupling for all time, exploiting the simplified nature
of our conditions, while Massey does not provide an explicit coupling. Instead, he proves
existence of a stochastic comparison for each fixed time, using a semigroup approach.

Conditions (3.5) and (3.6) may be simplified if we consider a particular relation between
the matrix A and the vectors vy, . .., v, in which A € Z™*% and Awvj has entries taking values
only in {—1,0, 1} for every 1 < j < n. More concretely, let us consider a class of continuous-
time Markov chains such that, for a given matrix A with non-zero rows, if the Markov chain
starts within the set K4 + x, then to go outside of it, the process will necessarily hit its
boundary. In this case, we can derive a theorem whose conditions must be checked only
on the boundary of K4 + x because the only transitions that can lead the Markov chain
outside or inside the set K4+ are ones starting on the boundary of K4+ x. Before stating
the theorem, let us introduce the sets 9;(K4 + ) := {y € Ka+ x| (Aje,y) = (Aje, z)} 2 for

2Here, for convenience of notation, let A;e denote the row vector corresponding to the i-th row of A, for
1 <4 < m. In this article we will adopt the convention of considering the inner product (-,-) as a function
of a row vector in its first entry and as a function of a column vector in the second entry. In particular,
(Aie,z) = ZZ:l AikTk.



each 1 < i < m. We can then characterize® the boundary of K4 + x as follows:

m
NKa+z)=|]0i(Ka+2) (3.8)

i=1
Theorem 3.2. Consider a non-empty set X C Zi, a collection of distinct vectors vy, ..., v,
in 74\ {0} and two collections of non-negative functions on X, ¥ = (Y1,...,T,) and

T = (T1,...,T,) such that (3.3) holds and the associated continuous-time Markov chains
do not explode in finite time. Consider a matriz A € Z™*® with non-zero rows and suppose
that both of the following conditions hold:

(i) For each 1 < j <, the vector Av; has entries in {—1,0,1} only.

(ii) For each x € X, 1 <i<m andy € 0;(K4 + x) N X we have that

v

Ti(y) < Yj(x), foreach 1< j<n such that (Aje,v;) <O, (3.9)

and

¥

T;(y) > Yj(x), foreachl < j<mn such that (Aje,v;) > 0. (3.10)

Then, for each pair x°,&° € X such that z° <4 I°, there exists a probability space (2, F,P)
with two continuous-time Markov chains X = {X(t),t > 0} and X = {X(t), t > 0} defined
there, each having state space X C Zi, with infinitesimal generators given by @ and @,

o

associated with Y and T respectively, with initial conditions X (0) = 2° and X (0) = &
such that:

, and
P | X(t) <4 X(t) for every t > 0] =1. (3.11)

The proof of this theorem is given in Section 5.2 and involves checking that (3.5) and
(3.6) of Theorem 3.1 hold, using conditions (i) and (i) of Theorem 3.2.

Remark 3.3. In the context of Theorem 3.2, it is possible that for x € X, and y €
0iy (Ka+x) N0y (Ka+x)NAX with 1 # i, it happens that (A4;,e,v;) < 0 and (A;,e,v;) >0
for some 1 < j < n. For condition (4i) to hold, we must then have T;(y) = T;(x).

When there are multiple vectors v; with a common value for Av;, the pointwise compar-
ison in j, for 1 < j < m, in conditions (3.9) and (3.10) in Theorem 3.2, can be weakened.
To this end, let us introduce the set of distinct vectors {n',...,n*} formed by Avj, for
1 < j < n, where s denotes the cardinality of this set. Consider the subsets of indices

GFM:={j|1<j<nand Av; ="}, for1<k<s. (3.12)

Then we have the following theorem.

3The fact that A does not contain zero rows allows for equation (3.8) to hold. In fact, let A € R™*% be a
matrix that is not identically zero and let A be the matrix obtained from A by erasing any rows that contain
all zeros. Then, for z,y € R, A(y—x) > 0if and only if A(y —x) >0, and so K4 +z = Ks+z and <4 ¥y
if and only if x <7 y. However, if A contains a row A;e such that A;e = 0, then 0;(Ka + ) = Ka +
and if K4 + = has nonempty interior, then equation (3.8) will not hold. Consequently, we have made the
assumption that A has no zero rows.



Theorem 3.3. Consider a non-empty set X C Zi, a collection of distinct vectors vy, ..., Un
in Z4\ {0} and two collections of non-negative functions on X, ¥ = (Y1,...,T,) and
T = (T4,...,T,) such that (3.3) holds and the associated continuous-time Markov chains
do not explode in finite time. Consider a matriz A € Z™*® with non-zero rows and suppose
that both of the following conditions hold:

(i) For each 1 < j < n, the vector Av; has entries in {—1,0,1} only.

(ii) For each x € X,1<i<m andy € 0;(K4+ x) N X we have that

Z T;(y) < Z Y;(x), for each k such that nf <0, (3.13)
jEGE jEGkK

and
Z T(y) > Z Y;(x), for each k such that nf > 0. (3.14)
jEGF jEGK

Then, for each pair z°,%° € X such that x° <4 ©°, there exists a probability space (0, F,P)
with two continuous-time Markov chains X = {X(t), t > 0} and X = {X(t), t > 0} defined
there, each having state space X C Zi, with infinitesimal generators () and C?, associated
with T and Y respectively, with initial conditions X (0) = x° and X (0) = £° and such that:

P | X(t) <4 X(t) for every t > 0] =1. (3.15)

The proof of this theorem is given in Section 5.3.

Remark 3.4. If T = T, Theorems 3.1, 3.2 and 3.3 give sufficient conditions for monotonic
dependence of the stochastic dynamic behavior on the initial condition. In the sense of
Massey [22], this notion corresponds to constructing a strongly monotone Markov chain.

Remark 3.5. For deterministic dynamical systems, there is a considerable literature giving
monotonicity conditions with respect to initial conditions (see e.g., Hirsch & Smith [18]).
Furthermore, Angeli & Sontag [4] extended the concept of monotone systems to systems
having external inputs (i.e., © = f(x,u), with x representing the state and u representing
the input). More precisely, they developed tools to prove monotonic dependence of the
deterministic dynamic behavior on the initial condition and external input, provided that
certain sign conditions on the first partial derivatives of the function f(x,u) are satisfied
on the entire state and input space. These theoretical tools can be used also to study how
changing a system parameter affects the deterministic behavior of the system, by viewing
u as the system parameter of interest.

Remark 3.6. Checking the conditions in Theorems 3.2 and 3.3 (if they hold) is less cum-
bersome than checking the conditions in Theorem 3.1. In fact, compared to Theorem 3.1,
for Theorems 3.2 and 3.3, the conditions must be checked only on the boundaries of K 4+,
given that condition (i) there is assumed to hold. Furthermore, Theorem 3.3 has less re-
strictive conditions (i.e., comparing sums of infinitesimal rates associated with transitions
inwards or outwards with respect to the hyperplanes {z € RY|( Ay, 2) = (Aje, ) = (Aje, Y},
1 <i < m, instead of comparing transition rates one-by-one for 1 < j < n).
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3.3 Monotonicity properties for (Mean) First Passage Times and Sta-
tionary Distributions

The first consequence of our main results is for first passage times and it is related to
stochastic orderings of real-valued random variables. Let Y and Z be real-valued random
variables with cumulative distribution functions Fy and Fz respectively. We say that Y is
smaller than Z in the usual stochastic order, written Y <4 Z if Fy (t) > Fz(t) for every
t € R. The relation Y <4 Z is equivalent to the existence of a probability space (2, F,P)

with random variables Y/ 'V and 2’ ©' Z defined there such that P(Y' < Z') = 1.
Furthermore, it is equivalent to the condition: [ f(z)dFy(z) < [ f(z)dFz(z) for
every bounded increasing function f : R — R. The reader may consult Chapter 1in
Muller & Stoyan [24] for the corresponding proofs and further properties of this notion.

Theorem 3.4. Consider a non-empty set X C 7.4 %, a collection of distinct vectors vy, ..., v,
in Z4\ {0} and two collections of non-negative functz’ons on X, T = (Ty,...,T,) and
T = (T1,...,Tn), such that (3.3) holds and the associated continuous-time Markov chains
do not explode in finite time. Consider a matriz A € R™*? with non-zero rows and suppose
that at least one of the following holds:

(i) For every x,y € X such that v <4 y, conditions (3.5) and (3.6) are satisfied.

(i) The matriz A has integer-valued entries and conditions (i) and (ii) in Theorem 3.2
are satisfied.

(i4i) The matriz A has integer-valued entries and conditions (i) and (ii) in Theorem 3.3
are satisfied.

Let 2°,%° € X be such that 2° <4 %° and let X = {X(t), t > 0} and X = {X(t), t > 0} be
two continuous-time Markov chains (possibly defined on different pmbabzlzty spaces), each
hcwmg state space X C 74, with infinitesimal generators Q and Q, associated with T and
T respectively, and with initial conditions X (0) = z° and X (0) = &°. For a non-empty set
I C X, consider Ty := inf{t > 0| X(t) € '} and Tt := inf{t 2 0| X(t) e}, IfT is
increasing in X with respect to the relation <4, then

TF <st 1T, (316)

and the mean first passage time ofX' from &° to I' is dominated by the mean first passage
time of X from xz° to I'. If I is decreasing in X with respect to the relation <4, then

Tr <g TF, (3.17)

and the mean first passage time of X from x° to I' is dominated by the mean first passage
time of X from x° to .

Proof. By Theorem 3.1, 3.2 or 3.3, we can construct two versions of the processes X and X
on a common probability space (£, F,IP) with initial conditions x° and Z°, respectively and
such that (3.7) or (3.11) or (3.15) hold. We denote these versions again by X and X, and we
observe that to show (3.16), it suffices to show that for an increasing set I', P[Tt < Tr] =1
for Tt and Tp associated with these versions of X and X. To see that this holds, let Q be
a set of probability one on which

9]

X(t) <4 X(8), forallt>0 (3.18)
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(this exists by (3.7), (3.11) or (3.15)). On {Tt = +oo}, it is clear that Tp < Tr. For each
w e {Tr < +00} NQ and € > 0 there is 7.(w) € [T (w), Tr(w) 4 ) such that X (r.(w)) € T
and by (3.18), X (-(w)) <4 X (7-(w)). And then, since I is increasing, X (7-(w)) € I'. Tt
follows that Tt(w) < T (w) + ¢ and letting € — 0 we obtain that Tr(w) < Tr(w). It follows
that IP[TF < Tr] = 1. For the result on mean first passage times, let Fy. = 1 — Fp.

and FT :=1— Fjy_ represent the complementary cumulative distribution functions for Tt
r r

and Tp, respectively. Observe that (3.16) implies that FTF < FTF. For a non-negative
random variable, the mean of the random variable is given by the Lebesgue integral of
the complementary cumulative distribution function. Consequently, the mean first passage
time for X from #° to I is given by [;° Fy (t)dt < [7° Fr(t)dt, where the latter is the
mean first passage time for X from z° to I'. If I' is decreasing, analogous arguments yield
the results stated for that case. O

The second consequence of our results provides a comparison result for stationary distri-
butions.

Theorem 3.5. Consider a non-empty set X C Z%, a collection of distinct vectors vy, ..., vy,
in Z4\ {0} and two collections of non-negative functions on X, ¥ = (Yq,...,T,) and
T = ('f‘l, RN Tn), such that (3.3) holds and the associated continuous-time Markov chains
do not explode in finite time. Consider a matriz A € R™*? with non-zero rows and suppose
that at least one of the following holds:

(i) For every x,y € X such that x <4 y, conditions (3.5) and (3.6) are satisfied.

(i) The matriz A has integer-valued entries and conditions (i) and (ii) in Theorem 3.2
are satisfied.

(iii) The matriz A has integer-valued entries and conditions (i) and (ii) in Theorem 3.3
are satisfied.

Assume that the two continuous-time Markov chains on the set X with infinitesimal gener-
ators QQ and Q, associated with Y and T respectively, are irreducible and positive recurrent
on X, and denote the associated stationary distributions by m and 7, respectively. IfI' C X
is a non-empty set that is increasing in X with respect to <4, then

zel zel

If I' C X is a non-empty set that is decreasing in X with respect to <4, then

Y F <> (3.20)

zel’ zel’

Proof. As in the proof of Theorem 3.4, we can construct two versions of the processes X and
X on a common probability space (€2, F,P) for some pair of initial conditions z° 4 z°. If
' C X is increasing, equation (3.7) or (3.11) or (3.15) yields that P(X (t) e T') < P(X(t) €
I') for every ¢t > 0. By letting ¢ — oo and observing that the stationary distribution is the
steady-state distribution under our assumptions of irreducibility and positive recurrence,

we obtain (3.19). If T' is decreasing, an analogous argument yields (3.20). O
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Remark 3.7. A special case of Theorems 3.4 and 3.5 is when I' = {z} for some maximal
or minimal element x € X.

In the next section, we give examples which illustrate Theorem 3.2 (see Examples 4.1, 4.2,
4.4 and 4.5), Theorem 3.3 (see Example 4.3), Theorem 3.4 and Theorem 3.5 for continuous-
time Markov chains that are stochastic chemical reaction networks. For Examples 4.1, 4.2
and 4.3, the state space X will be a stoichiometric compatibility class z+ £ intersected with
Zi. For Examples 4.4 and 4.5, we work with reduced Markov chains and the state space
X will be a projection of a suitable higher dimensional stoichiometric compatibility class
z + L intersected with ZSIF.

4 Examples

In this section, we apply the theoretical tools developed in the paper to several examples.
While in Examples 4.1, 4.3 and 4.4 the Markov chains analyzed have a finite state space,
in Examples 4.2 and 4.5 the Markov chains have a countably infinite state space, but it
is straightforward to verify that they do not explode (see SI - Sections S.1.2 and S.1.3,
respectively). The choice of matrix A in each example is based on the specific monotonicity
relationship of interest. While for simpler cases the choice of A is straightforward, for more
complicated systems the choice can be more subtle. In many cases, in order to study the
monotonicity properties for the stochastic behavior of our system, we can rely on Theorem
3.2, which provides a reasonable approach to narrow down the choices for suitable A. The
approach consists in solving, for each row i, the system of equations 2221 Air(vj)r = bij,
with b;; equal to 1, —1, or 0 depending, based on the monotonicity relationship of interest,
whether we expect that the Markov chain transition in the direction v; leads inside, outside,
or is parallel to the boundary of the region K4 + z. Finally, it is worth noticing that,
while all the following examples compare two identical reaction networks with different rate
constants, our theory can also be applied to compare two different reaction networks as long
as they have the same net reaction vectors {v; }9‘:1.

Example 4.1. Enzyme kinetics I

Let us consider a classic model of enzyme kinetics (see Michaelis & Menten [23] and
Kang et al. [20]), where an enzyme catalyzes the conversion of a substrate to a product.
The species considered here are substrate (S), enzyme (E), intermediate enzyme-substrate
complex (SE), and product (P), and the chemical reaction system is depicted in Fig. 2(a).
We are interested in how the rate constant x3 affects the time to convert the substrate to
the final product.

To this end, let us first introduce the set of species . = {S,P,E,SE}, and the set of
reactions Z = {(v;,v}), (vy,v5), (v, vd)}, where v; = vy = (1,0,1,0)T, v = v; =
vy = (0,0,0,1)T, v = (0,1,1,0)7, where T denotes transpose. At a given time, let the
counts of each of the species S, P, E and SE be denoted by ng, np, ng and ngg, respectively.
The state of the associated Markov chain is (ng,np,ng, nsg). The potential transitions of
the Markov chain are in three possible directions:

vy =vf —vy = (-1,0,-1, 1)T,v2 =vf —vy, = (1,0,1, —1)T,v3 = vgr —vy = (0,1, 1,—1)T.

Fixing integers Stot, Fitot > 0, we have a stoichiometric compatibility class z + £ with
2z = (Stot, 0, Etot, 0) and £ := span{v;,ve,vs}, which is contained in a two-dimensional
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Figure 2: Reaction model and corresponding Markov chain for enzymatic kinetics I
example. (a) Chemical reaction system. The numbers on the arrows correspond to the associated
reactions. (b) Projected Markov chain graph for one stoichiometric compatibility class with two
conservation laws ng + np + ngg = Stot = 3 and ng + nsg = Eiot = 2. The projection takes a state
x = (ng,np,ng,nsg) = (ng, np, Etot — Stot + Ns + np, Stot — Ng — np) to T = (ng,np). We use black
dots to represent the states, red double-ended arrows to represent transitions in both directions and
red single-ended arrows to represent transitions in one direction. Note that £ = (0,0) is not a vertex
in the graph because 0 < ng = E¢ot — Stot + s + np, and so ng +np > 3 — 2 = 1. We use orange
to highlight the projection of the region K4 + x intersected with the stoichiometric compatibility
class, where A is defined in (4.2). (c¢) The projections of the directions of the possible transitions of
the Markov chain. The transition rates YT1(x), To(z), and Ys(z) are defined in (4.1).

affine subspace of four dimensional space. Then, the state space of the Markov chain is
X = (z+L)NZY = {(x1,72,23,74) € Z |21 + T2 + 24 = Stot, T3 + T4 = Egot }-

The two constraints described in the last expression for X characterize the two linearly
independent conservation laws for this chemical reaction system: ng+ np + nsg = Stor and
ng + nsg = Eiot.

Given a state © = (z1,z2,23,24) € X, following mass-action kinetics, the infinitesimal
transition rates are

Ti(z) = kiz1x3, Yo(x) = koxa, Y3(z) = K3y, (4.1)

for constants k1, K2, k3 > 0. Here, we have used x; as an abbreviation for Ko vt 3 =1,2,3.
J’g

We will use similar abbreviations in the other examples too.

We note that the projected process (X7, X2)(-) is still a continuous-time Markov chain,
and we could apply our theory to it. However, when the functions T;, j = 1,2, 3, are written
in terms of these two components, they will have a more complex, non-mass action form.
Here we apply our theory directly to our four dimensional Markov chain. For the purpose
of visualization, Fig. 2(b) shows the two dimensional projection of the four dimensional
Markov chain graph for one stoichiometric compatibility class. In Examples 4.2 and 4.3, we
also analyze Markov chains without projections, and in Examples 4.4 and 4.5, we analyze
projected Markov chains.

In order to study how the rate constant k3 affects the time to convert the substrate to the
final product, let us define the state (0, Stot, Etot, 0) associated with np = Syt as p, the state
(Stot, 0, Etot, 0) associated with ng = Stot as s, and the mean first passage time to reach the
state p, starting from s, as IE4[T},]. We will verify that the assumptions of Theorems 3.2, 3.4
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hold and exploit them to determine how k3 affects IE4[T},]. To this end, define the matrix

[y w2

and consider the preorder = <4 vy, defined by A(y — ) > 0, and the set K4 +z = {w €
R*|z <4 w}. Let us also consider the infinitesimal transition rates T1(z), T2(z) and T3(z)
defined as for Tq(x), Yo(x) and Y3(x), but with &1 = K1, k2 = k2, k3 > K3 in place of k1,
Ko, K3, respectively. Condition (i) of Theorem 3.2 (i.e., for every 1 < j < n, the vector
Awj has entries in {—1,0,1}) holds since Av; = (1,0)T, Avy = (—1,0)T and Avs = (0,1)T.
Condition (i7) of Theorem 3.2 also holds, as shown in the paragraph below.

Verification of condition (i7) of Theorem 3.2. We first consider z € X and y €
01 (K4 + z)N X, where

O1(Ka+z)NX

{werHxl =wy, o <ws}NX
= {wGZi | 21 = w1, 29 < wo,x1 + T2 + T4 = w1 + Wo + Ws = Stot, T3 + T4 = wz + wy = Eyor }
= {weZ} |z =wi,zs <wo w3 < ws,Ts > Wa, W1 + Wa + Wa = Stor, W3 + Wy = Beot }

{we X |x1 =w, e <we,x3 < ws,Tg > wWat.

Since (Ate,v1) = 1, (A1e,v2) = —1, we need to check that YT;(x) < Tl(y) and Yo(z) >
TQ(y) The first inequality holds because y € 01(K4 + x) N X implies 1 = y; and z3 < y3
so that T1(z) = kiz123 < K1Y1Ys = R1Y1Ys = Yl(y). The second inequality holds because
y € 01(K4+x)NX implies x4 > y4 so that Yo(z) = Koxy > Koys = Koys = Tg(y) Secondly,
we consider x € X,y € Oo(Ka+2)NX ={w € X |z1 > wi,r3 = wa, T3 > w3, Tq < W4}.
Then, since (Age,v3) = 1, we need to check that T3(z) < Ts(y). This holds because
y € Oo(Ky+ x)N X implies x4 < y4 so that Y3(z) = k3ry < k3ys < R3ys = Tg(y)

Since all of the hypotheses of Theorem 3.2 hold, we can conclude that, for each z°,z° € X
with z° <4 #°, there exists a probability space (Q2, F,P) with two Markov chains X =
{X(t), t > 0} and X = {X(t), t > 0} associated with T and T, respectively, such that
X(0) = z°, X(0) = &° and

P |X(t) <4 X(t) for every t > 0| = 1.

Furthermore, applying Theorem 3.4 with the set I' = {p} = {(0, Stot, Etot,0)}, which is
increasing in X with respect to <4, we see that the mean first passage time from s to p,
E4[T})], is a decreasing function of k3.

Because the Markov chain has one absorbing state, p, per stoichiometric compatibility
class, the stationary distribution on a given stoichiometric compatibility class is trivial, and
hence so too are its monotonicity properties.

Example 4.2. Enzyme kinetics I1

Let us consider an extension of the enzymatic kinetics model introduced in the previous
example, in which the substrate S can enter and leave the system and the product can
revert to the substrate. This is a simplified version of the enzymatic kinetics considered by
Anderson et al. [2]. The chemical reaction system is depicted in Fig. 3(a). Now, for this case
study, we first determine how the reaction rate constant k5 affects the stochastic behavior of
the system and then we will study properties of the system with respect to initial conditions.
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Figure 3: Reaction model and corresponding Markov chain for enzymatic kinetics IT
example. (a) Chemical reaction system. The numbers on the arrows correspond to the associated
reactions. (b) Projected Markov chain graph for one stoichiometric compatibility class with the
conservation law ng 4+ ngg = Eiot = 2. The projection takes a state x = (ng,np,ng,nsg) =
(ng,np,ng, Etot — ng) € X to T = (ng,np,ng) € Zi : 0 < ng < 2. Here, we use black dots to
represent the states, red double-ended arrows to represent transitions in both directions associated
with the reactions represented by the red arrows in (a) and blue double-ended arrows to represent
transitions in both directions associated with the reactions represented by the blue arrows in (a). We
use dotted arrowed-lines to indicate that the pattern of Markov chain transitions extends to infinity.
We use orange to highlight the projections of the region K 4 + x intersected with the stoichiometric
compatibility class, where A is defined in (4.4). (¢) The projections of the directions of the possible
transitions of the Markov chain within a stoichiometric compatibility class. The transition rates
Y(x),i=1,2,3,4,5,6, are defined in (4.3).

To this end, let us introduce the set of species . = {S, P, E,SE}, and, similar to Example
4.1, we let (ns,np,ng,nsg) be the state of the Markov chain that records the number of
molecules of each species. The potential transitions of the Markov chain are in six possible
directions, vj for j = 1,...,6, where v; = —vy = (=1,0,-1,1)T, v3 = —vy = (0,1,1, 1),
and vs = —vg = (1,0,0,0)7 (see SI-Section S.2.1 for the derivation of the v;, j = 1,...,6).
Since there is one linearly independent conservation law in this chemical reaction system:
ng +nsg = Etot, each stoichiometric compatibility class is contained in a three-dimensional
affine subspace of four dimensional space, denoted as z + £, where z = (0,0, E¢st,0) and
L := span{vi,vs,vs}, with fixed integer Eto; > 0. Then, we can choose the state space
of the Markov chain to be X = (z + £) N Z4 = {(21,22,73,74) € Z4 |23 4+ T4 = Egor }-
Furthermore, given a state © = (z1,z2,23,24) € X, following mass-action kinetics, the
associated infinitesimal transition rates are given by

T1(z) = miz1xs, To(z) = kowa, T3(x) = K34, (4.3)
T4(£L') = R4X2%3, T5(.’L’) = K5, TG(QT) = KeT1, ’

for K1, ke, K3, k4, K5, kg > 0. As in Example 4.1, we apply our theory directly to our four
dimensional Markov chain, but, for the purpose of illustration, Fig. 3(b) shows the three
dimensional projection of the Markov chain graph for one stoichiometric compatibility class.
Now, for the first analysis (determining how k5 affects the stochastic behavior of the system),
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we verify that the assumptions of Theorems 3.2 and 3.5 hold and use them to determine
how k5 affects the stationary distribution.
To this end, define the matrix

1
A= |0
0

o = O

0 O
0 0 (4.4)
-1 0

and consider the preorder x <4 y, defined by A(y —z) > 0. Forz € X, Ky + 2 ={w €
R*| 2 <4 w}. Furthermore, let us consider the infinitesimal transition rates Ty (z), To(z),
T3(z), Ta(z), Ts(z) and Te(x) defined as for T1(z), To(z), T3(z), Ta(z), Ts(z) and Ye(z),
but with &; in place of k;, where k; = k;, for ¢ = 1,2,3,4,6, and K5 > k5. Given that
Avy = (=1,0, )T, Avy = (1,0, -1)T, Avz = (0,1, -1)T, Avy = (0,-1,1)T, Avs = (1,0,0)7
and Avg = (—1,0,0)7, we have that condition (i) of Theorem 3.2 holds. Condition (ii) of
that theorem also holds, as shown in the next paragraph.

Verification of condition (ii) of Theorem 3.2. First consider z € X and y €
O (Kqg+2x)NX, where 01(Kg +2)NX ={w e X |x1 =wy,xa < we, w3 > w3, x4 < Wy}
Since (Aje,v2) = (Ale,v5) = 1 and (Aje,v1) = (Ate,v6) = —1, we need to check that
Ti(z) > Ti(y), Ye(x) > Te(y), Yolz) < Ta(y), and Ts(z) < Ts(y). Given that y €
01(K4 + ) N X, the first inequality holds because T1(x) = k1z123 > K1y1Y3 = K1Y1ys =
T1(y), the second inequality holds because Yg(z) = kex1 = rey1 = key1 = Y(y), the
third inequality holds because Yo(x) = kowy < Koys = Koys = Tg(y), and the fourth
inequality holds because Y5(x) = k5 < K5 = ’T5(y). Secondly, we consider x € X and
Yy € "(Ka+2)NX ={w € X|x1 < wy,re = wo,x3 > w3, x4 < wy}. Given that
(Ase,v3) = 1 and (Ase, v4) = —1, we need to check that T4(z) > T4(y) and Ys(z) < T3(y).
The first inequality holds because Y4(x) = Kkqroxs > Kaloys = Raloys = T4(y) and the
second inequality holds because T3(z) = kszy < r3ys = kays = T3(y). Finally, consider
re€Xandy € B(EKs+z)NX ={w e X |z < wy,ze < we, T3 = w3, T4 = W4}
Since (Ase,v1) = (Ase,v4) = 1 and (Ase,v2) = (Ase,v3) = —1, we need to check that
To(z) > Ta(y), Ts(z) > Ts(y), Ti(x) < T1(y), and Ta(z) < T4(y). Indeed, we have that
To(x) = Kowa = Koys = Fays = Ta(y), Ts(z) = K3wa = K3ys = Kaya = T3(y), T1(z) =
riz1es < kiy1ys = Ry = T1(y), and Ty(x) = kazoxs < Kayays = Rayoyz = Ya(y).

Thus, all of the hypothesis of Theorem 3.2 are verified, and so, for each pair z°,z° € X
satisfying x° <4 Z°, there exists a probability space (2, F,P) with two Markov chains
X ={X(t),t >0} and X = {X(t), t > 0} associated with T and T, respectively, such that
X(0) = z°, X(0) = #° and PP [X(t) <4 X(t) for every t > O] = 1. The Markov chains X, X
are irreducible and positive recurrent (see SI - Section S.1.1). Furthermore, for the increasing
set in X with respect to <4 defined as I'(z) = {w € X|x1 < wy, o < wa,x3 > w3, rq4 < Wy},
we can apply Theorem 3.5 and obtain that Zwer(x) Ty < ZwEF(:p) Ttw. Loosely speaking,
this means that increasing x5 causes the stationary distribution 7(x) to shift mass towards
states characterized by lower x3 and higher x1, x2 and z4.

For this specific case, in which we have a stochastic chemical reaction network associ-
ated with a complex balanced dynamical system, an explicit expression for the stationary
distribution can be obtained by applying Theorem 4.1 in Anderson et al. [2]. Analysis of
this formula would provide results in agreement with the ones obtained by applying the
theoretical tools developed in this paper. Specifically, 7, can be written as a product of
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two Poisson distributions and a binomial distribution, i.e.,

x1 T2 Z3 T4
Cc C Cqy” C
- 1 — 2 3 4
Ty = (e @ |) <e c2 ‘> (Etot! ' '>, reX, (4.5)
Iy ZTo: I3: T4:

in which (c1, ¢2,c3,c4) represents the complex balanced equilibrium for the deterministic
model, where

KiK5

K5 K1K3Kk5 1 K2Kg
cp=—, Cg= y €3 = s and ¢y = —F 0. (4.6)
K6 KoK4Keg 1+ e + e

In most cases, it is not possible to derive an analytical formula for the stationary distribu-
tion, but our theorems can still be applied and then monotonicity properties for 7 can still
be determined even without an explicit expression for 7. For instance, in the context of the
above example, if the infinitesimal transition rates Y; do not follow mass-action kinetics, the
deficiency zero theorem and Theorem 4.1 in Anderson et al. [2] do not apply. Nevertheless,
our theory can still be easily applied to study monotonicity properties for sample paths and
stationary distributions.

As pointed out in Remark 3.4, we can also exploit our theoretical tools to determine
monotonicity properties of the system with respect to the initial conditions. For this,
suppose that g; = k; for i = 1,2,3,4,5,6. Then, by the analysis above, Theorem 3.2 holds
and yields monotonically (with preorder induced by the matrix A) with respect to the initial
conditions.

Example 4.3. A network topology arising in Braess’ paradox A natural question in
synthetic biology may involve the prediction of whether an engineered biological circuit with
additional reactions will lead to the desired effect of accelerating the process or unexpected
behaviors. Now, we consider an example inspired by Braess’ paradox, which arises from
transportation networks, where adding one or more roads to a road network can slow down
overall traffic flow through the network (see Braess [7] and see also a related state-dependent
queuing network model in Calvert et al. [9]). A simple network of this type is one where
there are two routes to get from the start to the final destination, and adding a linkage
road between the routes can in some cases increase travel times. Fig. 4(a) shows a reaction
network analogue of the Braess’ network topology. Of course, our chemical reaction network
is a little different from a road network since there is no congestion nor competition between
molecules and pathways are chosen randomly with certain probabilities instead of routing
decisions being based on the number of cars on the routes. Nevertheless, the example
considered here is interesting because adding a reaction to cross-link two pathways might
intuitively be interpreted as a detour and be expected to increase the time to the final
destination, while this is sometimes not the case in this example.

The chemical reaction system is depicted in Fig. 4(a), which involves four species
& = {51,52,S83,54}. The state of the Markov chain is (ng,,ns,,ns,,ns,) where ng, is
the number of copies of S; for ¢ = 1,2,3,4. The potential transitions of the Markov chain
are in five possible directions, vj, j = 1,...,5, where v; = (—=1,1,0,0)%, vy = (0,-1,0,1)7,
vy = (—1,0,1,0)7, vy = (0,0,—1,1)T and vs = (0,—1,1,0)7 (see SI-Section S.2.2 for the
derivation of the v;, j = 1,...,5). Fixing an integer Sox > 0, the associated stoichiometric
compatibility class is z + £ with z = (S¢et, 0,0,0) and £ := span{vy, va, v3,v4,v5}. The set
z+ L is a three-dimensional affine subspace of four dimensional space. We choose the state
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Figure 4: Circuit inspired by Braess’ paradox and corresponding Markov chain. (a)
Chemical reaction system. The numbers on the arrows correspond to the associated reactions.
(b) Projected Markov chain graph for one stoichiometric compatibility class with the conservation
law ng, + ng, + ng, + ns, = Stot = 2. The projection takes a state © = (ng,,ns,,Ns;,Ns,) =
(Stot — Ms, — NG, — Ng,,NS,, NSs,Ns,) € X to T = (ng,,ns,,ns,). Here, we use black dots to
represent the states and red (blue, green) arrows to represent transitions in directions associated
with the reactions represented by the red (blue, green) arrows in (a). We use orange to highlight the
projection of the region K4 + x intersected with the stoichiometric compatibility class, where A is
defined in (4.3). (c) The projections of the directions of the possible transitions of the Markov chain
within a stoichiometric compatibility class. The transition rates Y;(z), ¢ = 1,2,3,4, 5, are given in
(4.7).

space of our Markov chain to be X = (z+L£)NZ% = {(x1, 22, 3, 74) € Zi]m1+x2+x3+m4 =
Stot }. The constraint introduced in the last expression for X follows from the conservation
law in this chemical reaction system, that is ng, + ns, + ns, +ng, = Sior. Given a generic
state © = (x1, z2,x3,14), following mass-action kinetics, the infinitesimal transition rates
are

Ti(x) = kix1, Yo(x) = koxa, Ys(x) = kaxy, Ya(z) = kazs, Ys5(z) = Ksz2. (4.7)

For the purpose of illustration, Fig. 4(b) shows the three dimensional projection of the
Markov chain graph for one stoichiometric compatibility class.

A mnatural question is how the time T((s,,) to reach the state (0,0,0,S¢y) from
(Stot,0,0,0) depends on the rate constants k1,k2,k3,k4 and k5. For this, we use Theorem

3.4. Let
-1 0 0 0
A= [ 0o -1 -1 O} )

The matrix A here defines a preorder that is not a partial order of X. For z € X,
consider infinitesimal transition rates Y1 (z), To(z), T3(z), T4(z) and T5(z) defined as for
T1(x), Ta(x), Ys3(z), T4(x) and Ys5(z), but with £; in place of k; where i; = k;, for i =
1,2,3,4, and k5 # k5. Suppose that ko = k4. Now, let us verify that the assumptions of
Theorem 3.3 hold. Condition (i) holds since Av; = (1, —1)T, Avy = (0, 1)T, Avg = (1,—-1)7,
Avy = (0,1)T and Avs = (0,0)T. Condition (ii) of Theorem 3.3 also holds, as shown in the
paragraph below.
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Verification of condition (ii) of Theorem 3.3. Let z € X, and first consider z € X
and y € 01(Ka+2x)NX, where 01 (Ka+2)NX ={w € X |x1 = w1, 2+ 23 > wa+ws, x4 <
wyq}. Given that Avy = Avy, Avy = Avs, and (Aie,v1) = (A1e,v3) = 1, we need to check that
Ti(z) + T3(z) < T1(y) + T3(y). Since y € 81(Ka + ) N X, then T1(z) = k121 = K1y =
Fiyr = Tl(y) and Y3(x) = k3x1 = K3y1 = Ray1r = Tg(y), and so the desired inequality
holds with equality. Secondly, consider y € 92(K4 +2)NX ={w € X |21 > wi,z9 + 23 =
wo + w3, xq4 < wy}. Given that Ave = Avy, Avy = Avz, and (Aqe,v1) = (Ate,v3) = —1
and (A1e, v2) = (A1, v4) = 1, we need to check that YTo(z) + YT4(x) < To(y) + T4(y) and
Ti(z) + Ys(z) > Ti(y) + T3(y). For z € X and y € 0o(Ks + ) N X, we have that
To(x) + Ya(z) = Kowy + Kazs = Ko(z2 + 23) < Ka(y2 + y3) = Ra(y2 +y3) = Ta(y) + Ta(y)
and T1(z) = k121 > k1y1 = Fayr = T1(y), Ts(z) = kaz1 > Kk3yr = Rayr = T3(y).

Thus, all hypotheses of Theorem 3.3 hold, and so for every x°,1° € X where x° <4 z°
there there exists a probability space (£2, F,P) with two Markov chains X = {X(¢), ¢t > 0}
and X = {)u((t), t > 0} associated with T and T, respectively, such that X(0) = z°, )2'(0) =
z° and P [X(t) <4 X(t) for every t > O} =1. Let I' = {(0,0,0, Stot) }. This is an increasing

set in X’ with respect to the relation 4. Let T(g,0,5,.,), T€spectively TV(O’O,O’SM) be the first

time that the Markov chain X, respectively X , reaches the set I'. Then, by Theorem 3.4,
if X(0) = X(0) = (Stot,0,0,0), we have that T(O,O,O,Stot) <st T(0,0,0,8000)- BY interchanging
T5 and k5, we can conclude that T(0,070,Stot) and T(0,0,0,5,,,) are stochastically equivalent
(equal in distribution). It follows that the mean first passage time from (Siot,0,0,0) to
(0,0,0,Stot) is insensitive to k5 when kg = k4. This is naively counter-intuitive: since the
fifth reaction re-routes some samples to another state where the last reaction has the same
rate constant as the final reaction without re-routing, it should take a longer expected time
since re-routing also takes some time. However, in reality, the presence of the fifth reaction
also fastens the rate to transition from So, and this balances the time of re-routing. Most
importantly, our theorem is able to capture this result without explicitly calculating the
mean first passage time and allows us to reach the conclusion easily. We expect that in
more complex situations, our method will be a valuable tool to establish monotonicity and
insensitivity results.

Given that the Markov chain has one absorbing state per stoichiometric compatibility
class, the stationary distribution for a given stoichiometric compatibility class is trivial,
and hence so too are its monotonicity properties.

Theorem S.2 allows us to conclude further interesting properties for this network. Using
two other A matrices (see SI - Section S.3.2), we can conclude that adding reaction (5)
(changing from k5 = 0 to k5 > 0) causes the mean first passage time from (Stot,0,0,0) to
(0,0,0,Stot) to increase if ko > k4 or to decrease if ko < k4. More explicitly, this shows
that there can be opposing effects on the mean first passage time with different choices of
k9 and k4 when reaction @ is added.

Example 4.4. Epigenetic regulation by chromation modifications

Epigenetic regulation is the modification of the DNA structure, due to chromatin mod-
ifications, that determines if a gene is active or repressed. There are several chromatin
modifications that can affect the DNA structure. Here, we will focus only on histone modi-
fications. More precisely, we consider a ubiquitous model for a histone modification circuit
(see Dodd et al. [11] and Bruno et al. [8]). The species considered are nucleosomes that are
unmodified (D), modified with repressive modifications (D®), and modified with activating
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Figure 5: Histone modification circuit and corresponding Markov chain. (a) Original
chemical reaction system. The numbers on the arrows correspond to the associated reactions. (b)
Markov chain graph associated with the reduced chemical reaction system. Here, we consider Doy =
3, we use black dots to represent the states and red double-ended arrows to represent transitions in
both directions. We use orange to highlight the region (K4 + x) N X, with A defined in (4.11). (c)
Direction of the possible transitions of the Markov chains, whose rates are given in equation (4.10).

modifications (D*), and, in terms of molecular interactions, each histone modification au-
tocatalyzes itself and promotes the erasure of the other one. The chemical reaction system
considered is depicted in Fig. 5(a). The amount of each species is represented by np, npr
and npa, respectively, and their sum is conserved, that is np +npr +npa = Diot, with Dyt
representing the total number of nucleosomes within the gene.

By fixing an integer Do > 0, we fix one stoichiometric compatibility class. The projected
process (Xi1,X2)(-) = (npr,npa) is still a continuous-time Markov chain, and in this ex-
ample we choose to apply our theory to this reduced system. This is the same as studying
the reduced chemical reaction system defined as follows:

OO0 —D* @0 — DY @D*—0n @DF —40, (4.8)

with two species . = {D®, DA} and four reactions Z = {(vy,v]), (vy,v3), (v3,v5), (v, v},
where v; = vy =v5 = v = (0,07, v =v; = (1,0)7, v] = vy = (0,1)T, and with
associated propensity functions of non mass-action type defined as follows:

A(v;,fuj)(x) = (Dot — (21 + 22)) (K1a + K1622) ,
A(v;,v;—)(x) = (Dtot - (171 + 1'2)) (/{2(1 + /{bel) , (49)

A(US—’U;)(Q’;) = T2 (’{'311 + 551"{'317) ) A(y;mz—)(l') =Tl (CKSa + l’gfi3b) s

in which K14, K1b, K3a, K3b, K2a, Kb, Kia = UCK3q, K4p = MK3p are the rate constants that go
with each of the reactions shown in Fig. 5(a), respectively.

The state space for the Markov chain is X = {(z1,22) € Zi | 1 + 22 < Dyot}. Given
a generic state x = (x1,22) € X, the potential transitions of the Markov chain are in four
possible directions v; = v;.r — v, j = 1,2,3,4, that can be written as v; = (0, 1)T,U2 =
(1,0)7,v3 = (0,—1)T and v4 = (—1,0)7, with associated infinitesimal transition rates

Tl(x) = A('U;’vi‘»)(x)7 TQ(:C) = A(y;7v;)(x)7 TS(IL‘) = A(U?T"U;)(x)7 T4($) = A(’U;’UZ)(IB)
(4.10)

We are interested in determining how the asymmetry of the system, represented by the

parameter p affects the stochastic behavior of the system. In particular, we will focus
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on studying the stationary distribution and the time to memory loss of the active and
repressed state, defined as the mean first passage time to reach the fully repressed state (r =
(npr,npa) = (Diot, 0)), starting from the fully active state (a = (npr,npa) = (0, Diot)),
and vice versa (i.e., hq, = E4[T;] and h,, = E,[Tg]). To this end, we first verify that we
can apply Theorem 3.2.

Let

A= [_01 (1)] (4.11)

Forz € X, Ka+x = {w € R%|z <4 w} and (Ka+2)NX = {w € X |z <4 w}. See Fig. 5(b)
for an example of X and (K4 + x) N X for Dioy = 3. We introduce infinitesimal transition
rates Y1 (z), To(z), Ty(z) and T4(z) defined as for Y1 (z), Yo(z), Y3(z) and T4(x), with all
the parameters having the same values except that p is replaced by i, where g > u. Since
Avy = (0,1)T, Avy = (—1,0)T, Avz = (0, 1) and Avs = (1,0)”, we have that condition
(7) of Theorem 3.2 holds. Condition (i7) also holds, as shown in the paragraph below.

Verification of condition (ii) of Theorem 3.2. Consider x € X and y € 91 (K4 +x)N
X, where 01 (Kao+x)NX ={w € X|x; = wy,z2 < ws}. Since (Aje,v4) = 1 and (A1e,v2) =
—1, we must check that To(z) > To(y) and Yyu(z) < T4(y). Since y € O (Ks+x)NX
implies 1 = y; and zo < Y2, we have Yo(z) = (Dioy — (21 + 22)) (k2q + K2pz1) > (Dot —
(y1 + y2)) (K2a + Kopyr) = Ta(y) and Yu(z) = 214 (chza + v2k3) < Y14 (Chza + Y2rgp) <
Y1/t (cksa + y2ksp) = Y4(y), and so both inequalities hold. Similarly, for z € X and y €
R(Ka+z)NX ={w e X |z > wi,r2 = wa}, since (Age,v1) = 1 and (Age, v3) = —1,
we need to check that Y1(z) < T1(y) and Ys(x) > T;g(y). Indeed, YTi(x) = (Diot — (21 +
2)) (k10 + £1022) < (Dot —(y1+y2)) (F1a + K1py2) = T1(y) and T3(x) = 22 (k30 + T1K3) =
Y2 (K3a + y13p) = L3(y).

Since all of the hypotheses of Theorem 3.2 hold, for each pair 2°, £° € X satisfying £° <4
x°, there exists a probability space (2, F, P) with two Markov chains X = {X(¢),¢ > 0} and
X = {X(t), t > 0} associated with T and T, respectively, such that X (0) = 2°, X(0) = &
and P [X(t) <A X(t) for every t > 0| = 1.

We can also apply Theorem 3.5. The Markov chains X and X are irreducible and, having
only finitely many states, are positive recurrent. Based on the order <4 we introduced, the
fully active state a = (0, Do) is maximal in X and the fully repressed state 7 = (Diot, 0)
is minimal in X. Then, by Theorem 3.5, we can conclude that 7, < 7, and m,. > 7. This
implies that increasing u increases the probability of the system in steady-state to be in
the active state a to the detriment of the repressed state r (and vice versa for decreasing
f). We can also apply Theorem 3.4. Since {a} is increasing and {r} is decreasing, then
by Theorem 3.4, hy.q = B, [Ty] < EBp[Ta] = hyq and ha, = Bo[T}] < By[Ty] = ha,. Since
the only difference between the two systems was that p < [, these results imply that the
time to memory loss of the active state increases for higher values of u, while the time to
memory loss of the repressed state decreases for higher values of p.

Example 4.5. Epigenetic regulation by chromatin modifications with positive
TF-enabled autoregulation

Now, we consider the histone modification circuit considered in the previous example with
an additional positive autoregulation loop. For this, we assume that a protein expressed by
the gene of interest recruits writers for the activating histone modifications. Consequently,
we introduce the gene product P as an additional species for our system and add the
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Figure 6: Histone modification circuit with positive TF-enabled autoregulation and
corresponding Markov chain. (a) Original chemical reaction system. The numbers on the
arrows correspond to the associated reactions. (b) Markov chain graph. Here, we consider Dot = 3,
we use black dots to represent the states and red double-ended arrows to represent transitions in
both directions associated with the reactions represented by the red arrows in (a). Similarly we use
blue double-ended (single-ended) arrows to represent transitions in both directions (in one direction)
associated with the reactions represented by the blue arrows in (a). We use blue dotted lines to show
that, in the vertical direction, the Markov chain has countably infinitely many states, connected by
transitions in both directions. Finally, we use orange to highlight the region K 4 + z intersected with
the state space X, with A defined in (4.15). (c) Direction of the possible transitions of the Markov
chain starting from a state x, whose rates are defined in equation (4.14).

following reactions to the ones shown in Fig. 5(a):
6 D* — D*+P, 69 P — 0. (4.12)

Furthermore, given the P-enabled autoregulation loop (Fig. 6(a)), let us consider the rate
constant that goes with (8 in Fig. 5(a) as k1, = K, + ki,9(np), with 9, and s}, rep-
resenting the rate constants that go with the D? basal de-novo establishment process and
with the DA de-novo establishment process enhanced by np, respectively, and g(np) rep-
resenting a non-negative, bounded, monotonically increasing function of np (see Bruno et
al. [8], Section 3.4).

Here, we are interested in determining how the reaction rate constant ks, affects the
reactivation time of the gene. As before, we have the conservation law np + npr + npa =
Diot, with Dyot representing the total number of nucleosomes within the gene, and by
fixing Dot > 0, we fix one stoichiometric compatibility class and the projected process
(X1, X2, X3)(-) = (npr,npa,np) is a continuous-time Markov chain. This is the same as
studying the reduced chemical reaction system:

O P — D @0 — DY B D* —1,
@DR — 0, ®D* —DA+P, B®)P — 0,

with set of species .7 = {D®, D? P}, set of reactions Z = {(vi,v]), ( ,
(vg,vf), (vs,v5), (vg,vg)}, where v = vy =vf =vf =vg = (0,0,0)7, vj =v; =
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(1,0,0)7, v = vy =vs = (0,1,0)7, v = (0,1,1)T, vy = (0,0,1)T, and with associated
propensity functions of non mass-action type defined as follows:

Ao vy (@) = (Drot — (21 + 72)) (K + Klag(x3) + K1pT2)
A o) (8) = Dot — (21 + 22)) (F2a + K1), Ao 0y (2) = 22 (K3a + T153p)

V3 ,VUg

A(%—’vz)(ﬁ) =Tl (Cliga + 1'21431)), A( v w g.)(x) = K5qT2, A( )( ) = KgaT3,

in which k5, and kg, are the rate constants that go with reactions @ and @ in (4.12),
respectively, and all the other rate constants are defined as for (4.9).

The state space for the Markov chain is X = {(z1,x2,23) € Zi | £1 + 2 < Diot }. Given
a generic state © = (z1, 2, 23), the transitions of the Markov chain are in six possible di-
rections v; = U;-L —v;,j € {1,...,6}, that can be written as v; = (0,1,0)7, vy = (1,0,0)7,
v3 = (0,—1,0)", vy = (—1,0,0)T, v5 = (0,0,1)T, vg = (0,0, —1)7, with associated infinites-
imal transition rates:

Ti(z) = A(Ul_’v?-)(x) To(z) = A(v;’v;)(:p), Ts(z) = A(vg,v+)($)v

3

Ta(w) = Ay (0, Ta(@) = Mgy oy (2), To(w) = Ay i ().

6

(4.14)

As mentioned before, we are interested in determining how the protein production rate ksq
affects the reactivation time of the gene, defined as h, o = E,[Te], where r = (Dyqt,0,0)
and © = {w € X|w = (0, Dtot,7),7 € Z4} corresponds to the set of states characterized by
the fully active state npa = Dyot. We first check that the assumptions of Theorem 3.2 hold.
Let

0
0] . (4.15)

For x € X, z <4 y and the set K4 +2 = {y € R®| 2 <4 y}. For our example, the region
(K4 +x)NAX is depicted in orange in Fig. 6(b). We introduce infinitesimal transition rates
T1(z), Ta(x), T3(z), T4(z), Ts(z) and Tg(z) defined as for T1(z), Ta(z), T3(z), T(z), Ts(2)
and Yg(z), with all the parameters having the same values except that ks, is replaced by
Ksq > Ksq. Condition (i) of Theorem 3.2 holds since Av; = (0,1,0)7, Avy = (—1,0,0)7,
Avg = (0,—1,0)T, Avy = (1,0,0)T, Avs = (0,0,1)T, Avg = (0,0, —1)T. Condition (ii) also
holds, as shown in the paragraph below.

Verification of condition (ii) of Theorem 3.2. First consider z € X and y €
NEg+2)NX ={w € X|z1 = w,ra < wy,x3 < wz}. Since (Aje,v4) = 1 and
(Ale,v2) = —1, we need to check that T4(z) < Tu(y) and To(z) > To(y). Since @y =
Y1, 22 < Y2, 73 < y3, we have that Ty(x) = z11 (chsa + T2k30) < Y111 (cKsa + Y2risp) = Ta(y)
and Ya(z) = (Diot — (21 + 22)) (k24 + K2p71) = (Dot — (y1 + ¥2)) (F2a + Kapy1) = Ta(y).
Secondly, consider z € X and y € Oo(Ka+2)NAX ={w € X |z1 > wi,z2 = we,x3 <
ws}. Since (Age,v1) = 1 and (Ag,,v3) = —1, we need to check that Ti(z) < Ti(y)
and Y3(z) > Tg(y) Since 1 > y1,x2 = Y2,23 < y3, we have Yi(z) = (Dot — (21 +
2)) (K9, + K1a9(z3) + k1pm2) < (Dior — (1 + 32)) (Y, + Kl9(ys) + K1py2) = T1(y) and
Ts(x) = x2 (K3 + T1k3p) > Y2 (K3 + Y1K3p) = Tg(y). Finally, consider x € X and y €
B(Ka+x)NX ={we X|x; > w,xy < we,x3 = w3}. Since (Asq,v5) = 1 and (Asze, vg) =
—1, we must check that Ts(x) < ’fg,(y) and Tg(x) > T6(y). Since x1 > y1, 22 < Y2, 23 = ¥3,
we obtain Y5(x) = k522 < KsaY2 < Rsay2 = T5(y) and Ye(z) = Keaxs = Keals = L6(Y).
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Since all the hypotheses of Theorem 3.2 hold, for each z°,1° € X satisfying z° <4 Z°,
there exists a probability space (2, F,P) with two Markov chains X = {X(¢), ¢ > 0} and
X = {X(t), t > 0} associated with T and T, respectively, such that X (0) = z°, X(0) = &°
and P [X(t) <4 X(t) for every t > 0} =1

Furthermore, since the hypotheses of Theorem 3.2 hold, we can also apply Theorem 3.4.
Specifically, for 7 = (Diot,0,0) and © = {y € X|y = (0, Dtot, ), € Z}, since O is an
increasing set in X with respect to the relation <4, then h,g > ET,@. This implies that,
assuming that the only difference between the two systems is in the value of the protein
production rate parameter, k5., higher protein production rates reduce the mean reaction
time for the gene.

5 Proofs of the Main Results

5.1 Proof of Theorem 3.1.

Consider a non-empty set X C Zi, a collection of distinct vectors v1,. .., v, in Z%\ {0} and
two collections of non-negative functions on X, T = (1q,...,Y,) and T = (Tl, ce ’fn),
such that (3.3) holds. Let Q = (Qz,y)z,yex and Q= (Qx7y)x7y€;\{ denote the infinitesimal
generators for the continuous-time Markov chains associated with T and T, respectively.
In the following, let A € R™*? be a matrix with non-zero rows and consider the relation
<4 as defined in Definition 3.1.

For the proof of Theorem 3.1, we first assume that

sup Tj(z) < oo and sup 'ij(@ < 0 for every 1 < j < n. (5.1)
zeX zeX
This restriction will be relaxed later. Then, we define a constant A > 0 and a pair of

functions ®, and ® », which will be key to our construction of the coupled processes X and
X. Let A > 0 such that:

n n
A > nmmax g sup Y.(z),su Ti(z) p. 5.2
xexz i(@) xegz i(@) (5.2)
7j=1 7j=1
Note that both TJT(I) and TJT(I) are less than % forevery z € X and 1 < j <n. Forz € X,

consider the sets

o1 1)
n n A

Ij(z) = [ ) L 1<j<n (5.3)

If T;(z) = 0, then [;(z) is the empty set. On the other hand, if T;(x) > 0, then I;(z) is an
interval that is a strict subset of [Z-*, £). Define the function ®,(-,-) : X x [0,1] — X by

Oy(z,u) =2+ Y v, zeX uelo1]. (5.4)
j=1

For = € X, the sets I(x),..., I,(x) are mutually disjoint and so for any u € [0, 1] either
Oy (z,u) =z or y(x,u) =+ v; for some 1 < j < n. In the second case, this will happen
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if and only if u € I;(z) for the corresponding index j. The latter condition implies that
Ii(z) # 0, hence by (5.3), T;(x) > 0 and by (3.3), z +v; € X.

This shows that ®y(-,-) is well-defined as an X-valued function. We define intervals
jj(x), 1<j<mn,zeX and a function ®y : X x [0,1] — X in an analogous manner to
that above, where @, is defined as in (5.4), but with the intervals I;(z) replaced by fj (z),
where these are defined as in (5.3), but with Y;(z) replaced by T;(z).

Lemma 5.1. Suppose that x,y € X are such that x <A y and the following hold:

9

T;(y) <Yj(x), foreachl<j<n suchthaty+v;e X\ (Kas+x), (5.5)

and

v

T;(y) > Tj(x), foreachl<j<n suchthatz+vjeX andy ¢ Ka+x+vj. (5.6)

Then, for each u € [0, 1],
@ (2,u) <4 Ba(y. ). (57)

Proof. First, we note that ®,,®, have the following property: for every u € [0,1] and
1<j<mn,
if (I))\(l',U) =T + vy, then (I)A(yvu) € {yvy + Uj}7 (58)

v

since (), I;(y) C [£1, 2). Similarly,

if &y(y,u)=y+ vj, then ®)(z,u) € {z,z +v;}. (5.9)
Furthermore, if Tj (y) > Yj(x), then

Oy (z,u) = 4+ v; implies that y(y,u) =y + vj, (5.10)
since under this condition, I;(z) C I;(y). Similarly, if T;(y) < Y;(z), then

Q) (y,u) = y+v; implies that ®)(z,u) =z + v;. (5.11)

Now, to prove (5.7), fix u € [0,1]. We consider two cases.

Case 1: ‘i)/\(y,u) =y +vj for some 1 < j < n.

Fix such an index j. Then, by (5.9), either ®y(z,u) = x + v; or ®y(x,u) = z.

a) If ®)(z,u) = x+vj, then, by (3.1), z+v; <4 y+v; and therefore @ (x,u) <4 dy(y,u).

b) If ®y(x,u) = x, then y +v; € K4 + x. To see this, we note that y + v; € X by
(3.3) and since T;(y) > 0 because I;(y) # 0. Then, if y + v; ¢ Ka + x, by (5.5), we
would have T;(y) < Y;(x), which would imply that ®(z,u) = = +v; by (5.11). But
this contradicts the assumPtion that ®y(z,u) = . Thus, y +v; € K4 + 2 and so
Oy (z,u) =2 <4y +v; =Pa(y,u).

Case 2: <i>,\(y, u) = y. Again, we consider two subcases.

a) If ®)(x,u) =z, then (5.7) holds, since z <4 y by assumption.
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b) If ®y(z,u) = x + v; for some 1 < j < n, then y € K4 + = + v; for the corresponding
value of j. To see this, fix the value of j for which ®)(x,u) = 2 + v; and notice that
z+wv; € X by (3.3) and since Tj(x) > 0. If y ¢ K4 + 2 + v, then by (5.6) we would
have Y;(z) < T;(y), which would imply that ®)(y,u) = y + v;. This contradicts
the assumption that <f>,\(y,uu) = y. Thus, we must have y € K4 + x + v; and then
Q) (z,u) = 4+v; K4y = Pa(y,u). .

Now that all these preliminaries have been established under assumption (5.1), we proceed
with the main part of the proof of Theorem 3.1 with this assumption. For this proof, we

assume that all of the conditions of Theorem 3.1 hold and in addition that condition (5.1)

holds. The latter ensures that the pair of continuous-time Markov chains with infinitesimal

generators Q and Q are uniformizable (see Chapter 2 in Keilson [21]). With A > 0 as
in (5.2), the (possibly infinite) matrices * Py(Q) := +Q + I and P\(Q) = %Q + I are
stochastic 5, where I = (I ;) yex is the identity matrix. Indeed, for z € X, (PA\(Q))s. =

Qeep1 =12l e 1-1 1] fory # 2, (PA(Q))ay = L2 €10, ] and 3 4 (PA(Q))ay =
ZyeX %vay +1=1

Now, let 2°,2° € X be such that 2° <4 &°. Consider a probability space (2, F,P) where
the following are defined:

(i) A Poisson process N = {N(t), 0 <t < oo} of rate A > 0.

(ii) A sequence of independent and identically distributed (i.i.d.) random variables U =
(U )k>1 where each Uy has the uniform distribution on [0, 1].

Additionally, choose N to be independent of U. We construct two discrete-time processes,
Y = (Yi)k>0 and Y = (Y)r>0, by defining Yp := 2°, Y := 2°, and for k > 0,

Vitr = @x(Yi, Us1),  Yiwr := x(Yi, Upr)- (5.12)

Then Y and Y are discrete-time Markov chains with transition matrices Py (Q) and Py(Q),
respectively. Now, define the processes

X(t) = Ynw,  X(@t):=Yyp, t=0. (5.13)

According to Section 2.1 in Keilson [21] (see the discussion around Equation 2.1.6), X and
X are continuous-time Markov chains with infinitesimal generators () and Q respectively,
and with initial conditions X (0) = z° and X (0) = #°.

In order to prove (3.7), it suffices to check that the following holds:

P[Y; <4 Yi] = 1, for every k > 0. (5.14)

Indeed, if this is true, then P[Y; <4 Y} for every k > 0] = 1 and therefore P[Yx(;) <4
Y/N(t) for every t > 0] = 1. We will prove (5.14) by induction on k. We already know that
x° <4 z° and so (5.14) holds for k¥ = 0. Now, assume P[Y} <4 }V/k] = 1 for some k > 0.

4These “matrices” may have countably many rows and columns, in which case they could be considered
as operators on £°°. For convenience, we still call them matrices here.
®Stochastic here means that all entries take values in [0, 1] and all row sums equal one.
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Since conditions (3.5) and (3.6) hold for every x,y € X such that x <4 y, by Lemma 5.1
we obtain that on a set of probability one, on which Y; <4 Yz,

Vir1 = @x(Ye, Upr1) <4 @AY, Urt1) = Yir1, (5.15)

and so (5.14) holds with k + 1 in place of k. This completes the induction step and so
Theorem 3.1 is proved whenever (5.1) holds.

For the case where (5.1) does not hold, we construct the corresponding continuous-time
Markov chains as a limit in distribution of appropriately coupled continuous-time Markov
chains with truncated propensity functions for which (5.1) holds. Many elements for this
case are similar to the previous case, although the use of Lemma 5.1 is different. We provide
the details below, where we assume that the hypotheses of Theorem 3.1 hold.

We consider truncations of the propensity functions T and Y. More concretely, for x°, ° €
X such that z° 54 2°, let My > 1 be an integer such that ||2°||sc, ||Z°||cc < Mp. For every
integer M > M)y, consider the finite set Xy = {x € X | ||z]lc < M}, together with
tuhe functions T;-Vl,'i";w : X — Ry defined by T;W(a:) = Yj(z)ly,(x) and Y;W(a:) =
Tj(x)ly,(x) for 1 < j < nand x € X. We see that for every M > My, (3.3) holds
w1th the functions Y™ = (YM ..., T%) and TM = (YM ... TM) in place of T and T.
Also, since Xy is a finite set, supxeXT~ () = supgexr,, Tj(x ) < oo and supxeXT (x) =

SUD,cx,, T;(z) < oo for every 1 < j < n. Furthermore, by (3.5) and (3.6), we have that for
every pair x,y € X such that x <4 vy,
( < TM( ), for every 1 < j <mn such that y+v; € X\ (K4 + ), and

)
T;W() T (), forevery 1< j<nsuchthatz+uv; € X andy¢ Ka+z+v;.
(5.16)

Let QM and QM denote the infinitesimal generators associated with Y™ and TM re-
spectively. We define an increasing sequence {Aps}ar>n, of positive numbers such that

Ay — 00 as M — oo and A\jy > nmax {SpreX > i1 T;-W(:J:),supxe)( > i1 'ufjw(x)} for

every M > My. Define @, (), Py, () 1 X x[0,1] — X as in (5.4), but with T
and T in place of T and 7, respectlvely Since (5.16) holds, applying Lemma 5.1 with
TM,T AN Py <I>,\M in place of T, T,)\, By, Dy yields that

Dy, (z,u) Xa <f>,\M(y,u) for every x,y € X such that x <4 y and v € [0,1].  (5.17)

Now, for each M > Mj consider a probability space (QM, FM PM) where the following
are defined:

(i) A Poisson process NM = {NM(t), 0 <t < oo} of rate Aps > 0.
(ii) An iid. sequence UM = (UM);>1 of uniform [0, 1] random variables.

Additionally, choose N to be independent of UM. For every M > My, we construct
two discrete-time processes, YM = (V;M);~( and yM — (Yk )k>0, by defining Y = 2°,
YO := 1° and for k > 0,

Yk]\—{l = (I)AM (YkM’ Ul%—l)? Y/k]\-i/{l = (i))\M (i}kM7 UI?—{I) (5'18)
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Similarly to the previous case, Y™ and YM are discrete—time Markov chains with transition
matrices Py, (QM) := /\1 QM + I and P)\M(QM) =37 L QM 4 T, respectively.
Now, we claim that for each M > My:

rM [Yk]\A/‘ISM <A }‘}kj/\{SM for every k > 0| = 1. (5.19)

where SM .= 1nf{k > O \ vM ¢ Xy or }vko ¢ Xy}. In fact, (5.19) is equivalent to proving

M

know that Y <4 YOM . Assuming the statement is true for some k > 0, to establish it
for K+ 1 we dlstlngulsh between two cases. First, on {SM < k}, Yk+1) oM = Y/\SM <A

}vfk]‘/{sM = (k+1)/\SM’ PM_as.. Second, on {SM > k}, Yk € XM,Yk € Xy, and by the

induction assumption, YkM <A fko , PM_as.. Applying Lemma 5.1, we obtain PM-a.s. on
{SM > K} that

= 1 for every k > 0, which we do by induction. We already

Yv(]liﬁl)/\SM = Yk]\-i/{l = <I>)\M (YkM7 Ulf:\-/il-l) <A i)AIM (}V/kM’ Ul%—l) = }\}(]]gd)/\st (5'20)

where we have used (5.17).
Now, for each M > M, we define the processes

XM =Yy, XM =Yy, 20 (5.21)

Then, X and XM are continuous-time Markov chains with infinitesimal generators QM
and QM respectively, and with initial conditions XM (0) = z° and XM (0) = #°. Define
TM .= inf{t > 0| XM(t) ¢ Xp; or XM (t) ¢ Xy} and, because Y™ and YM are the discrete
time skeletons for XM and )?M, we have that PM-a.s.

™ =inf{t > 0| NM(t) = SM}. (5.22)
Then, it follows from (5.19) that
pM [XM(t/\TM) <4 XMt ATM) for every ¢ > 0] = 1. (5.23)
We now prove that for every ¢t > 0,
PMITM < 4] — 0, as M — oco. (5.24)
For this, let T4h, := inf{t > 0| XM () ¢ Xy} and TY,, = inf{t > 0| XM (¢) ¢ Xpr}. Since

™ — TM/\Tu then

M
PMTM < 1] <PM[Th <]+ PMITY, <1, for every t > 0. (5.25)

Now, since Qi\ffy = Quyforz € Xprandy € X, XM(. /\T)]}/IM) will have the same distribution
as a Markov chain with infinitesimal generator @ and initial condition z°, stopped at the
first time it leaves Xj;. Because of this, TM, v has the same distribution as the first time a
continuous-time Markov chain with 1nﬁn1te81mal generator () leaves X7. Since a continuous-
time Markov chain with infinitesimal generator () has been assumed to not explode in finite
time, we obtain that PM[T#,, < ¢] — 0 as M — oco. Similar reasoning holds for T%u

Combining with (5.25), we obtain (5.24).
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Denote by D(]0, 00), X?) the space of right-continuous functions from [0, o0) into X2 that
also have finite left-limits. As usual, this space is endowed with Skorokhod’s J; topol-
ogy. The pair (XM, XM) have paths in D([0,00), X2) and we obtain (X, X) as a limit
in distribution of (XM XM ) as M — oo. We first verify that the sequence of processes
{(XM, XM)}M>MO is tlght For this, it suffices to check that each sequence {XM} />,
and {XM} M>M, is tight, which we do by means of Theorem 7.2 in Chapter 3 of Ethier
& Kurtz [12]. Condition (a) there (compact containment) is satisfied, because of (5.24)

and because for M > M > My we have that XM( A T)]\(/[M) under PM has the same law

as XM(- ATH,,) under PM, where T)]‘(JM = inf{t > 0| XM (¢) ¢ Xar}. To verify condi-
tion (b) in Theorem 7.2 of [12], for ty > 0 fixed and n > 0, let M, > My be such that

PM[TH, < to] <4 for all M > M,. Then,

PM ! (XM 6, t0) > n) < PMw/ (XM, 6,t0) > n; T > to] + PMTH < to]
< Plw'(X,6,t0) 2 n3 7} = to] + 7

< Plw/(X,8,t0) = ] + .

where w'(-, -, -) is the modulus of continuity, as defined in Equation (6.2), Chapter 3 of [12],
X under P is a realization of the Markov chain associated with the infinitesimal generator
@ that starts with z°, and T;\ZJ = inf{t > 0| X(¢) ¢ Xa}. Since X under P is a single
process with right-continuous paths having finite left-limits, the tightness applies to it and
so the term P[w'(X,d,tp) > 1] can be made less than 2 by choosing § sufficiently small
and so condition (b) of Theorem 7.2 of [12] is satisfied. It follows that {X™} />y, is tight.
Similar reasoning yields tightness for {)v( MY s M-

It follows that there exists a probability space (2, F,P) with two processes X and X
defined there, having paths that are right-continuous with finite left-limits, and a sub-
sequence {Mj}i>1 such that My — oo as k — oo, and the sequence {(XMk,XMk)}kzl
converges in distribution to the pair of processes (X, X ). To identify the law of the limit,
note that since {QMk}k>1 converges pointwise to @Q, for any function f with bounded sup-
port in X, f(X fo Qf(X(s))ds will inherit the martingale property of f(XMr(t)) —
fo QMr f(XMr(s ))ds. It follows from the martingale characterization that X is a continuous-
time Markov chain with infinitesimal generator @ (see Chapter 4 in Ethier & Kurtz [12]).
Similarly, X will be a continuous-time Markov chain with infinitesimal generator Q In
addition, the processes have inherited initial conditions X (0) = z° and X (0) =

Finally, to show that (3.7) holds, consider the set

F={(f,9) € D([0,00), X*) | f(t) <4 g(t) for all t > 0}, (5.26)
which is closed in the Skorokhod topology. From (5.23) we know that the stopped processes
satisfy PMe[(XMe(- A TMr), XMr(. A TMr)) € F] = 1 for every k > 1. Furthermore,
from (5.24) we know that TM* — oo in probability as k — co. The reader may verify
that this last fact, along with the convergence of (XMt XMk) to (X, X), implies that

(XM (. A TMr), XMk( TMr)) converges in distribution to (X, X) as k — oo. By the
Portmanteau Theorem (see Theorem 2.1 in Billingsley [6]),

1 = lim sup PMe[(XMr (- A TME), XM (. A TMR)) € F] < P[(X, X) € F] (5.27)

k—o0

and we obtain (3.7).
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Remark 5.1. The proof of Theorem 3.1 provides a method to simulate the sample paths
for the continuous-time Markov chains X and X in a coupled manner for the case where
(5.1) holds. Roughly speaking, the procedure consists of determining A > 0 as in (5.2),
®y, @y as in (5.4), Y,Y as in (5.12) and X, X as in (5.13). For the benefit of the reader,
this method is described as an algorithm in Section S.4, which yields coupled sample paths
under the assumptions of Theorem 3.2, 3.3 and S.2.

5.2 Proof of Theorem 3.2

By Theorem 3.1, it suffices to prove that for every x,y € X such that x <4 ¥y, conditions
(3.5) and (3.6) hold. For this, we make some observations first. Consider z,y € X such that
x <4 yandlet 1 <j <n. Observe that v <4 y+v; will hold if and only if A(y+v;—2) >0
which is equivalent to:

(Aiesy = @) + (dia,vj) 20, for every 1< <m. (5:28)
Similarly, z +v; <4 y will hold if and only if
(Ajey = 2) = (Aia,vj) 20, for every 1 < i <m. (5.29)

Since = <4 y, then (Aje,y —x) > 0 for every 1 < i < m. Now, consider i € {1,...,m} such
that (Aje,y — ) > 0. Since A € Z™*% and y — = € Z9, then (A;e,y — ) > 1. This yields
that

(Aje,y — ) + (Aje,v;) > 14 (Aje,vj) >0, (5.30)

since (Aje,v;) € {—1,0,1}. Similarly, (Aje,y — x) — (Ajs,vj) > 1 — (Aje,v;) > 0. By
observing that the interior of K 4 + z is of the form int(K 4 + ) = {y € R?| Az < Ay}, the
latter argument shows that for every x € X and y € int(K4 + ) N X', we have

r<Aay+v;and x4+ v; K4y, for every 1 < j < n. (5.31)

Now, lets check condition (3.5). For this, let x,y € X be such that z <4 y and let
1 < j < nmbesuchthat y+v; € XY\(Ka+z). By (5.31), y ¢ int(K4+x) and since y € Kx+x,
we must have y € 0(Ka + 1) = {2 € Ka + x| (Aie, 2) = (Ajo, z) for some 1 < i < m}, the
boundary of K4 + . Consider the set of indices Ky := {i | (Aie,y) = (Aie, x),1 <i < m},
which is non-empty. Observe that for every i ¢ K, (Ao, y — ) > 0 and from (5.30),
(Aje, (y +v5) —x) > 0, while for i € Ky, (Aje, (y +vj) — ) = (Aje,v;). From this, we can
infer that there exists an i, € K, such that (A4;,.,v;) < 0. Indeed, if this was not the case,
then (Aje, (y +vj) —x) > 0 for every ¢ € K, and consequently (5.28) would hold. This
contradicts the fact that y +v; ¢ K4 + 2. By (3.9), we know that (A4;,.,v;) < 0 implies
Tj (y) < Yj(x) and we conclude that (3.5) holds.

To check condition (3.6), let z,y € X’ be such that x <4 y and let 1 < j < n be such that
z+v; € X andy ¢ Ka+z+vj. Again, by (5.31), we obtain that y € 0(K4+z) and K, # 0.
For every i ¢ Ky, (Aje,y — (x +v;)) > 0, while for i € K, (Aie,y — (x +v5)) = —(Aje, vj).
From this, we can infer that there exists an i, € K, such that (A4;,.,v;) > 0. By (3.10), we
know that (A;,e,v;) > 0 implies ’f‘j (y) > Tj(x) and we conclude that (3.6) holds.
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5.3 Proof of Theorem 3.3

The proof of this result uses similar general ideas to the ones used in the proof of Theorem
3.1. However, since the conditions involve sums, the construction is somewhat different
and more complex and we provide the details below. Let us consider again a non-empty
set X C Zd, a collection of distinct vectors vy,...,v, in Z%\ {0} and two collections of
non-negative functions on X', ¥ = (1y,...,Y,) and T = (Tl, ce fn) such that (3.3) holds.
In the following, let A € Z™*? be a matrix with non-zero rows such that condition (i) of
Theorem 3.3 holds.

We initially assume that sup,cy Y;j(2) < oo and sup,cy Tj(z) < oo for every 1 < j < n,
and let A > 0 such that (5.2) holds. We shall relax these assumptions later. We start
by defining functions analogous to ®, and $, as defined in (5.4), although this time, the
construction is more involved.

Recall that s denotes the size of the set {Av; |1 < j < n} and that the index sets
G* # 0,1 < k < s, defined in (3.12), are such that Av; = n* foral jeGF, 1<k<s.
Consider a bijection o : {1,...,n} — {1,...,n} such that the vectors vy(1), .. ., V() have
the property that the first |G| vectors have indices in G*, the next |G?| vectors have indices
in G2, and so on. More precisely, the bijection ¢ is such that for 1 < k < s, Avg(q) = nk,
whenever Z?;ll G +1<q< E?:l |G*|. Recall for this that a sum over an empty set is
taken to equal zero.

For x € X, we define a family of intervals {I*(z) |1 < k < s} as follows. Let pg := 0, and
for 1 < k < s, inductively define py, := 2521 |G*|, and

Pk

Fa)y= J I, (5.32)

where for pr_1 +1 < ¢ < pg,

Pr—1 af P
) = | 2L 4 Z ( kol ) Z . (5.33)

l=py_1+1 l=pg_1+1

The sets Ig(x), with 1 < k < s and pp—1 +1 < ¢ < pg, are mutually disjoint, and

by (5.2), the length of I*(z) is less than ZE=Ph=l — ‘GTk', and so the sum of the lengths of
{I*(2)|1 < k < s} isless than + >3 | |G*| = 1. Now, let us define W, (-,-) : Xx[0,1] — X

by

Uy (x,u) := +Z Z o-(q)]llk(z u), re X, uel01]. (5.34)
k=1g=pr—1+1

Note that Avyg) = nk for pp_1 +1 < q¢ < pp, 1 < k < s. From the above properties of
I¥(x), we have that for any u € [0,1], either u ¢ (J;_, I*(x) or u € I}(x) for exactly one
k and ¢ such that IZ;(J:) # (). The latter condition implies, by (5.33), that T, (z) > 0
and then, by (3.3), ¥ + vy(q) € X. This shows that W,(-,-) is well-defined as an X-valued
function.

In an analogous manner to that above, we can define intervals I*(z), Ivé“(x), 1 <k<
S, Ph—1+1<q<pg x€X and a function ¥y : X x [0,1] — X, as in (5.32) — (5.34), but
with Tj(x), I*(x), fé“(x), Uy, in place of T;(z), I*(x), Ié“(:c), V).
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Lemma 5.2. Suppose that x,y € X are such that x <4 y and the following hold: whenever
y € 0i(Ka+z)NX for some 1 <i<m, we have

Z Ti(y) < Z Y;(z), for every k such that nf <0, (5.35)
jEGK jEGF

and
Z T;(y) > Z Y;(x), for every k such that nf > 0. (5.36)
JjEGE JEGK

Then, for each u € [0, 1],
\IJ)\(fL', ’LL) <A \II)\(Z% U) (537)

Proof. First, we note that W, U, have the following properties: for every u € [0,1], 1 <
k<s,jeGk,

if Uy (z,u) =4 v;, then Uy(y,u) € {y +ve: €€ G*IU{y}, (5.38)

n

since Ig,l(j) (), I*

o-1(0) (y) C [B=2,Be) for £ € G*. Similarly,
if Uy(y,u) =y + vj, then Oy (z,u) € {z +v: €€ G*}U{z}. (5.39)
Furthermore, for 1 < k < s, j € G, if Y reck *rg(y) > > vecr Ye(x), then
U (z,u) = & + v; implies that Wy (y,u) =y + vy for some ¢ € G*, (5.40)
since under the condition, I*(z) C I*(y). Similarly, if Y reck To(y) < > vecr Ye(x), then
Uy (y,u) = y + v, implies that Wy (z,u) = = 4 v, for some £ € G, (5.41)
We also have that, for 1 <k < s and j € G¥, x 4 y + v; if and only if
(Aie,y — x) + (Aje, v5) >0, for every 1 <i <m. (5.42)
Similarly, x +v; <4 y if and only if
(Aie,y — x) — (Aja, v5) >0, for every 1 <1i < m. (5.43)
Furthermore, for 1 < k < s and j,¢ € G¥, since Avj = Avy and x <4 ¥y, then
(Aje,y — ) + (Ao, (vj —vp)) = (Aje,y — ) >0, for every 1 <i <m. (5.44)

To prove (5.37), we first consider the situation where y € int(K4 +2) = {w € R?| Az <
Aw}. Then, for each 1 <4 < m, (Aje,y — ) > 0 and since A € Z™*? and y — = € Z4, we
have (Aje,y — ) > 1. This implies that for 1 < k < s and j € G¥,

(Aje,y — ) + (Aie, vj) > 14 (Aje,v5) >0, for every 1 < i <m, (5.45)

since (Aje,v;) € {—1,0,1} by condition (i) of Theorem 3.3. Similarly, for 1 < k < s and
jeGr,

(Aie,y — x) — (Aje, ) > 1 — (Aje,vj) >0, for every 1 <1i < m. (5.46)
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It follows from (5.44) — (5.46) that if y € int(K4 + x) N X, then for any 1 < k < s and
g, 0 € G*:
r<Aay+v, x+vj<ay and T+ v <4 Y+ 05 (5.47)

We also have, by assumption, that x <4 y. It follows that if y € int(K4 + z) N X, then
{z,2+v,| €€ G*} <4 {y,y+v|j€GF} for 1 <k < s and consequently (5.37) holds for
all w € [0, 1].

Now, we turn to the other situation where y € 9;(K 4 + x) N X for some 1 < i < m. Then
K, = {i| (Ais,y) = (Aje,x),1 < i < m} is non-empty. Let u € [0,1]. We consider two
cases.

Case 1: \iJA(y,u) =y +vj for some 1 < j < n.

Fix such an index j. Consider the unique 1 < k < s such that j € G*¥. Then, by (5.39),
either W (z,u) = x + vy for some £ € G*, or Wy(z,u) = .

a) If Wy(z,u) = = + vy for some £ € G*, then, since x <4 y and Avj = Avy, we have
x+vg <ay+vj. Hence, ¥y(x,u) <4 V(y,u) and (5.37) holds.

b) If Wy(x,u) = x, we claim that y +v; € K4 + 2. To see this, observe that for every
i ¢ Ky, (Aje,y —x) > 0 and as for (5.45), (Aje, (y +v;) — x) > 0, while for i € K,
(Aje, (y + vj) — ) = (Aje,v;) € {—1,0,1}. For each i € Ky, if (4ja,v;) = —1,
then by (5.35), we would have >, To(y) < > vecr Ye(x), which would imply that
WUy (x,u) = z+v, for some £ € G¥, but this contradicts the assumption that ¥y (z, u) =
z. So we must have (A, v;) = 0 and hence (A, (y +v;) — ) > 0 for all i € K.
Thus, y +v; € K4+ z and so ¥y (z,u) =z <4 y + vj = ¥ (y, u) holds.

Case 2: \TIA(y, u) = y. Again, we consider two subcases.
a) If ¥y(z,u) =z, then (5.37) holds, because = <4 y.

b) If ¥y(z,u) = « + v; for some 1 < j < n, we claim that y € K4 + « + v; for the
corresponding value of j. To see this, fix the value of j for which W¥y(x,u) = + vj,
let 1 < k < s be such that j € G*, and observe that for every i ¢ K, (Aje,y —2) >0
and as for (5.46), (A, y — (x +v;)) > 0, while for i € Ky, (Aje,y — (x +vj)) =
—(Aje,vj) € {—1,0,1}. For each i € K, if (Aje,v;) = 1, then by (5.36), we would
have >,k To(y) > > veck Ye(x), which would imply that W (y,u) = y—+ vy for some
¢ € G*. This would contradict the assumption that Wy (y,u) = y. So we must have
(Aje,v;) <0 and hence (Aje,y — (4 ;)) = (Aie,y — ) — (Aje,v;) > 0 for all i € K.
Thus, we have y € K4 + 2 +v; and then V) (z,u) =2z +v; 4y = \Tl)\(y,u). .

In order to prove Theorem 3.3, from here on we can follow a similar procedure to the
one used in the proof of Theorem 3.1 after Lemma 5.1 was proved there. For the case
where (5.1) holds, we define two discrete-time processes, Y = (Y;)r>0 and ¥ = (Y3 )0, by

defining Yy := z°, Yy := 2°, and for k > 0,

Yig1 = Ua(Yk, Upt1), Vier1 == VA (Yi, Upt1), (5.48)

and define X and X using these and an independent Poisson process N as in (5.13). For
the case where (5.1) does not hold, we can use a truncation procedure similar to that for
Theorem 3.1. In both cases, we use Lemma 5.2 instead of Lemma 5.1.
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6 Conclusion

In this work, we first reviewed the concept of Stochastic Chemical Reaction Networks
(SCRNs), a class of continuous-time Markov chain models frequently used to describe the
stochastic behavior of chemical reaction systems. We also gave the definitions of preorder
and increasing set considered in this paper. In Section 3.2, we presented the main theoreti-
cal results of this paper. We first derived, by exploiting uniformization and then coupling of
stochastic processes (see Grassmann [14] and Keilson [21]), three theorems which give prac-
tical sufficient conditions for stochastic dominance of one continuous-time Markov chain
over another. More precisely, these theorems provide conditions under which, when one
or more parameters is changed monotonically, the system is almost surely “higher” with
respect to a certain preorder. While the first theorem (Theorem 3.1) can be used for any
SCRN, it has extensive conditions to check. The second set of theorems (Theorems 3.2, 3.3)
can be used for more specific SCRN classes, but they have assumptions that only need to
be checked at the boundary of certain translated convex cones. All these theorems can be
applied to SCRNs with either finite or countably many states. In Section 3.3, we exploited
these tools to develop two theorems to specifically study the monotonicity properties of
stationary distributions and mean first passage times depending on system parameters.

Subsequently, in Section 4, we presented some illustrative examples to highlight the ad-
vantages of using our theoretical tools in order to study the stochastic behavior of SCRNs.
Specifically, we focused on two common models for enzymatic kinetics (see Michaelis &
Menten [23], Kang et al. [20], Del Vecchio & Murray [10] and Anderson et al. [2]), on a
model inspired by Braess’s paradox (see Calvert et al. [9]) and on a recently developed
model describing the main interactions among histone modifications alone, and together
with an expressed protein (see Bruno et al. [8]). In these illustrative examples we see that
our sufficient conditions can be easy to check and our results can be also used to study
networks with a countably infinite number of states. Furthermore, the conclusions obtained
by using our theorems are true for trajectories of the Markov chains, yielding results for
both transient and steady state behavior.

Overall, in this paper we derived and presented theorems that can be used for the theo-
retical study of monotonicity of SCRNs associated to a variety of chemical reaction systems.
Future work will include the adaptation of our theoretical tools to other forms of monotonic-
ity for SCRNSs (see Definition 5.1.1 in Muller & Stoyan [24] as an example), the investigation
of possible correlations between the network graph properties and the monotonicity proper-
ties of the SCRN (extension of the work of Angeli et al. [5] to SCRNs), and the application
of our results to deterministic chemical reaction network through appropriate limits.

Supplementary information (SI) file: file containing detailed mathematical derivations
for some of our examples, a generalization of Theorem 3.3, and an algorithm for coupled
stochastic simulation.
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Supplementary Information (SI) file

S.1 Criteria for Positive Recurrence and Exponential Ergodicity with
Application to Examples 4.2 and 4.5

S.1.1 Foster-Lyapunov Conditions for Positive Recurrence and Exponential
Ergodicity

Here we recall fairly general conditions for positive recurrence and exponential ergodicity of
a continuous-time Markov chain. Such conditions are well known and are usually referred to
as Foster-Lyapunov-type conditions. We also apply these to the Markov chains in Examples
4.2 and 4.5, in subsections S.1.2 and S.1.3.

Theorem S.1. Let X be an irreducible continuous-time Markov chain with state space X
and infinitesimal generator Q. Suppose V : X — Ry is norm-like, that is {x € X : V(x) <
a} is compact S for each a € Ry. Further assume that for some ¢ > 0, d > 0 and a compact
set C,

QV(z) < —c+dlo(x), forallze X. (S.1)

Then, X is non-explosive and positive recurrent, and has a unique stationary distribution
7. If instead of (S.1), we have that for some ¢ >0 and d' > 0,

QV(z) < —dV(z)+d, foralzekX, (S.2)

then (S.1) automatically holds and the consequences stated above hold, and in addition, the
stationary distribution satisfies

(V) =) mV(x) < oo,
zeX
and there is 0 < B < oo and 0 < 8 < 1 such that for allt >0 and x € X,

D Py (t) = myl < [|Pra(t) = wllvr < B(V(2) + 18", (S.3)
yeX

Since X is a Markov chain, X is finite or countable, and we endow it with the usual discrete topology
consisting of all subsets of X.



where Py, (t) = P[X(t) = y| X (0) = z] and

1Pre(t) = wllvir = sup | D> (Pry(t) —my)g(y)] -
lgI<V+1 yEX

Remark S.1. When the second inequality in (S.3) holds, we say that the Markov chain is
exponentially ergodic in the (V + 1)-norm.

Proof. We will verify the sufficient conditions for each of non-explosion, positive recurrence
and exponential ergodicity given in Meyn & Tweedie [1]. Note that X is a Borel right-
process under the definition in Sharpe [2]. In addition, since the state space is discrete,
each compact set is finite and therefore petite.

For m € Z, if @y, is the infinitesimal generator for the Markov chain X killed upon exit
from O,, = {x € X : V() < m} 7, then Q,,V(x) < QV(x) for x € Oy,. It then follows
from (S.1) that conditions (CDO) and (CD2) (with f = 1) in [1] hold with @, in place of
Sy, there. By Theorem 2.1 and Theorem 4.2 in [1], the Markov chain is non-explosive and
positive recurrent, and it has a unique stationary distribution .

On the other hand, if (S.2) holds, then (S.1) holds, using the norm like property of V.
Furthermore, (S.2) implies that conditions (CDO0), (CD2) (with f = V + 1) and (CD3)
in [1] hold with @, in place of 47, there. By Theorem 2.1, Theorem 4.2 and Theorem 6.1
in [1], the Markov chain is non-explosive and positive recurrent, with a unique stationary
distribution 7 such that 7(V) < oo, and it is exponentially ergodic in the (V' + 1)-norm,
that is the second inequality in (S.3) holds for all ¢ > 0 and = € &X. For fixed ¢ > 0 and
x € X, setting g(y) = sgn(Pyy(t) — my), for y € X, we have that |[g| <1 <V 41, and

Z | Pay(t) — my| = Z(Pry(t) —7y)9(Y)| < [|Poe(t) — 7l[v41,

yeX yeX

yielding the first inequality in (S.3). O

S.1.2 Application to Example 4.2

For Example 4.2, we first show that the Markov chain is irreducible. For this, consider
x° = (0,0, Eiot, 0) and any fixed state x = (x1, 2, r3, Etor — 23) : 0 < 23 < Eyor. Starting at
x°, by having reaction @ fire 1 + Etot — 23 + x2 times in succession, then having reaction
@, immediately followed by reaction @, fire zo times in succession and then reaction @
fire Etot — x3 times, without any other reactions firing, we see that the Markov chain can
transition with positive probability from x° to x. Since each reaction is reversible, it also
follows that the Markov chain can transition from x to x° with positive probability. Thus,
the Markov chain is irreducible.

Next we will introduce a norm-like function V' and show that (S.1) holds. For each z € X,
let

V(z) = 22 4+ (2B — 1)b + 1)xg + ba?,

"Upon exit from Oy, the killed process goes to a cemetery state A, in X\ Oy, where V(A,,) = min{V (z) :
z € X\ On}.



where

2
b 1+ (/<65 + koEios + /‘CBEtot) + (2H5+K68—;?552Et0t) (S 4)
KoEtot (2Etot — 1) ' .
Notice that b > 0 since Eo; > 1. Then, for each a € Ry, {x € X : V(x) < a} consists of
finitely many states, and for any x € X,

QV(z) = ZT]'(:C)'(V(%LU]')—V(%))

= mzazs- ((z1 — 1)+ blza + 1)%) — (2F + bz}))
rawa - (@1 + 1P+ b(ws — 1) — (o2 + bad)
+raza - (2Bt — )b+ 1)(22 + 1) + b(za — 1)%) = (2Bt — 1)b + 1)z2 + bai))
+kazaxs - ((2E ot — 1)b+ 1) (w2 — 1) + b(za + 1)%) — ((2E 4ot — 1)b + 1)aa + ba3))
+ks5 - ((x1 + 1)2 - m?) + kex1 - ((z1 — 1)2 - 33%)
= riz1xs - (=221 + 1+ 0224 + 1)) + kowa - (221 + 1+ b(—224 + 1))
+r3za - (((2Etor — )b+ 1) + b(—2z4 + 1))
+razoxs - (—((2Eot — 1)b+ 1) + b(224 + 1))
+rs - (221 + 1) + Kewr - (=221 + 1)
= —(2k173 + 2Ks) - x? + (265 + k6 + K1 (1 + b)xs + 2bk1T3x4 + 2K2T4) - T1
+ka(—20E ot xs + 2bx3wa + (20 — 1)23) - 2
+k5 + (k2(1 + b) + K3(2bEror + 1))z4 — 2b(K2 + K3)2]
= —(2Kk1w3 + 2kKs) - 3+ (265 + ke + K1 (1 + b)xs + 2bk1T324 + 2K2T4) * X1
+ra(—2bx3 + (2b — 1)x3) - T2 + K5 + (K2(1 4 b) + K3(20Ei0r + 1))xa — 2b(ka + K3) 3.

The last equality uses the fact that xs3 = Eyox — z4. For the following, we note that
—2bx3 + (2b — 1)z3 = (—2bz3 + (2b — 1))z < —1 when x3 > 1.

We now consider two cases for QV (x): when z3 = 0 and xz3 > 0. For the first case, when
x3 = 0, we have x4 = Eio; and

QV(z) = —2k6 - 25 + (265 + K6 + 2k2Fi0t) - 1 + ks + (k2 (1 + D) + k3)Eror — 2bkaEZ .
As a quadratic function, the last expression is bounded above by

(2K5 + ke + 2K2E01)?
8/£6

braEot (1 — 2E¢ot) + (k5 + KaEtot + K3Etot) + = —1,

since b is chosen as in (S.4). For the second case when z3 € {1,...,Eiy}, we have

QV(x) < —2kg- a:% + (265 + kg + K1(1 + b)zg + 2bK1 2314 + 2K2T4) - X1
—K4 T2 + Ky + (K,Q(l + b) —+ Hg(QbEtOt + 1))1‘4 — 2()(/{2 + 163)56421

2
< 92?4 g2t + (2&5 + ke + k1(1 + b)xg + 2bkix324 + 2n2x4>
2\“’?6
—K4 -T2 + Ky + (Hg(l + b) + Hg(QbEtot + 1))1‘4 — 2b(/€2 + /413).7}121
< kg :L‘% IR (2%5 + Kg + Hl(l + b)Etot + Qb/’ilE%ot =+ 2K2Et0t)2

4/66
+K5 + (Hz(l + b) + H3(2bEt0t + 1))Et0t7

where we have used the fact that 2ab < a? + b? for the second inequality and the last
expression will be less than or equal to —1 whenever x; or z9 is sufficiently large.



Let C = {x € X : QV(z) > —1}. Then, by the above, C' consists of finitely many
points, which implies that C' is a compact set. Then, (S.1) holds with ¢ = 1 and d =
14+ max,cc QV(x) V0. It follows by Theorem S.1 that the Markov chain in Example 4.2 is
non-explosive and positive recurrent, and has a unique stationary distribution 7.

S.1.3 Application to Example 4.5

For Example 4.5, we first check that the Markov chain is irreducible. For this, consider
= (0,D4ot,0) and any fixed state x = (x1,x9,23) : 0 < z1 + 2 < Dyot. Starting at
x°, by having reaction @ fire x3 times, then reaction @ fire Diot — x2 times, and finally,
reaction @ fire 1 times, without any other reactions firing, we see that the Markov chain
can transition from z° to x with positive probability. For the reverse transition, by having
reaction @ fire x3 times, then reaction @ fire z1 times, and finally, reaction @ fire Dot — 2
times, we see that the Markov chain can transition from z to x° with positive probability.
Thus, the Markov chain is irreducible.
Next we will introduce a norm-like function V' and show that (S.2) holds. For each z € X,
let
V(x) = zs.

Then {z € X : V(z) < a} = {z € Z3 : 21 + 22 < Dio, 23 < a} consists of finitely many
states for each a € R4, and for any = € X,

6
QV(x) = Z V(z +vj) — ZT

= Tl( )0+ Tao(z )'0+T3(1‘)'0+T4( ) -0+ Kza2 - 1+ Kgaz3 - (—1)
< —KgaT3 + K5aDtot = _C/V(l') + d,,

where ¢ = kg, and d’ = k5,. Therefore, we conclude by Theorem S.1 that the Markov chain
in Example 4.5 is non-explosive and positive recurrent with a unique stationary distribution
7 such that m(V') < oo, and it is exponentially ergodic in the (V + 1)-norm.

S.2 Derivation of Markov chain transition directions, v;
S.2.1 Example 4.2

The set of reactions associated to the chemical reaction system in Fig. 3(a) is given by
z ::{(v;,vf><v;,v;><v§,v§><w;,vz> (v;;v;)(vg,v6>} where (v, v)), (vy,v5),
(v ,v]) are deﬁned as in Example 4.1, and v; = (0,1,1,0)7, v = (0,0,0,1)T, vy =vd =
(0,0,0,0)7, v =v5 = (1,0,0,0)T. Then, the potentlal tran81t10ns of the Markov chain are
in six poss1ble directions, v; = vj —wv; for j =1,..,6, where v; = —vy = (-1,0,—1,1)7T,
v3 = —vy = (0,1,1,-1)T, and v5 = —vg = (1,0,0,0)7.

S.2.2 Example 4.3

The set of five reactions associated to the chemical reaction system in Fig. 4(a) is given
by # = {(vr,v]), (vg,03), (v, 05), (v, o), (v, o)), where vy = vy = (1,0,0,0)%,
v = vy = vy =(0,1,0,0)7, v =v; =vs =(0,0,1,0)T, v = v = (0, 0,0,1) Then

the potential transitions of the Markov chain are in five possible directions, v; = v’



1,...,5, where v; = (—1,1,0,0), v = (0,—1,0,1)", v3 = (~1,0,1,0)T, vy = (0,0,—1,1)7
and vy = (0,—1,1,0)7.

S.3 A generalization of Theorem 3.3

Here, we provide a more general version of Theorem 3.3. The simpler form given as Theorem
3.3 in the main text was used there because it is more straightforward to state and the
conditions are easier to verify. However, the more general version of the theorem provided
in this section can be useful in some cases, such as Example 4.3 (see Section S.3.2).

The generalization relies on the idea that grouping of vectors can be more general than
what is described in (3.12), and so we introduce the following assumption.

Assumption S.1. Consider a collection of distinct vectors vy,...,v, in Z%\ {0} and a
matriz A € Z™*¢ with non-zero rows. Suppose that there exists a partition 8 {G',... G*}
of {1,...,n} and an associated bijection o : {1,...,n} — {1,...,n} such that for py := 0
and 1 < k < s, with py := Z?:l |G*|, we have o(q) € GF for pp_1 +1 < q < pg, and
whenever pp_1 +2 < q < pi, we also have for each 1 < i < m that either (Aje,vy(g)) is
equal to (Aje, Vy(q—1)) or it is 0.

Theorem S.2. Consider a non-empty set X C Zi, suppose that Assumption S.1 holds
and consider two collections of non-negative functions on X, T = (Yq,...,T,) and T =
(T1,...,Ty), such that (3.3) holds and the associated continuous-time Markov chains do
not explode in finite time. Further suppose that both of the following conditions hold:

(1) For each 1 < j < n, the vector Av; has entries in {—1,0,1} only.

(ii) For eachx € X,1<i<m andy € 0;(Ka+z)NX we have that for each 1 <k <'s,
Z T;(y) < Z T;(x), where Gf’_ = {j € G* | (Aie,vj) = —1},
JEGH™ jeGh—
and
Z Ti(y) > Z T;(z), where Gf’+ = {j € G*| (Aja,vj) = 1}.
jeGht jeGh T
Then, for each pair x°,x° € X such that x° <4 I°, there exists a Qrobabivlity space (Q, F,P)
with two continuous-time Markov chains X = {X(t), t > 0} and X = {X(t), t > 0} defined

there, each having state space X C Zi, with infinitesimal generators (Q and @), associated
with Y and T respectively, with initial conditions X (0) = x° and X (0) = &° and such that:

P | X(t) <4 X(t) for every t > 0] = 1. (S.5)

Remark S.2. Under Assumption S.1, for a given 1 < k < s and 1 < ¢ < m, at most one
of Gf’_ and Gf’+ is non-empty. If Gf’_ # (), then Gf’_ ={0(q) | pr—1+1 < q < ¢"} where
q" = max{q|pr-1+1 < q¢ < p, and (Ajs, Vs(g)) = —1}. On the other hand, if Gf’+ # (), then
GPY = {o(q)|pr-1+1 < ¢ < ¢*} where ¢* = max{g|ps_1+1 < q < pj, and (Ais, vy()) = 1}.
Furthermore, in either case, for ¢* < ¢ < py, we have (Aje, Vg(q)) = 0.

8In particular, {G*,...,G*} is a finite collection of non-empty disjoint sets of distinct numbers, the union
of which is {1,...,n}.



The proof for Theorem S.2 can be found in Section S.3.1. With Theorem S.2 in place,
we can extend Theorems 3.4 and 3.5 by adding an additional alternative condition (iv):
Assumption S.1 holds, and conditions (i) and (7i) in Theorem S.2 are satisfied. If this is
satisfied instead of one of (i) — (i7i) in Theorems 3.4 and 3.5, then the conclusions of these
theorems about (mean) first passage times and stationary distributions will still hold.

S.3.1 Proof of Theorem S.2

We initially assume that sup,cy T;(z) < oo and sup,¢y ’Y“j () < oo for every 1 < j < n,
and let A > 0 such that (5.2) holds. We shall relax these assumptions later. Further suppose
that Assumption S.1 and condition (i) of Theorem S.2 both hold. For x € X, define I*(z),
Ig(a:), Wy, I*(2), féf(x) and Uy in the same manner as in the proof of Theorem 3.3 (see
(5.32) — (5.34)), with {G* |1 <k < s}, {pr |0 < k < s} and o as in Assumption S.1. Our
proof of Theorem S.2 has some elements that are the same as those for the proof of Theorem
3.3. However, some additional elements are needed. We give the details for completeness.
As for Theorem 3.3, ¥, (+,-) and U A(+, -) are well-defined as X-valued functions.

Lemma S.1. Suppose that x,y € X are such that © <4 y and the following hold: whenever
y € 0i(Ka+z)NX for some 1 <i<m, we have that for each 1 <k < s,

Yo Tiw) < D Ti(x),  where GPT ={j € GF | (Aie,vj) =1}, (S6)

jeGh— jeGh™

and
Z T;(y) > Z T;(xz), where Gf’+ ={j € G" | (Aja,vj) = 1}. (S.7)

P P
JjEG; JjE€G;

Then, for each u € [0,1]:
Ua(z,u) <a Uiy, u). (S.8)

Proof. First, we note that ¥y, U, have the following properties: for every u € [0,1], 1 <
k<s,jeGk,

if ¥y(z,u) = x + vj, then ‘iu(y,u) e{y+uv:LeGYu{y}, (S.9)

since If,l(j)(:r),lvk,l(@ (y) C [B=L B2) for £ € G*. Similarly,

if Uy(y,u) =1y +v;, then Uy (z,u) € {x+v: £ € G} U {z}. (S.10)

Furthermore, for 1 < k <s,1<i<m,j€ Gf’+, if desz Yg(y) > ZKGGI_H Yo(z),
then ' '

Uy (z,u) = x + v; implies that \T/A(y,u) =y + vy for some /€ Gf’+, (S.11)
since under the condition, we have Uglpkilﬂlg”(x) - Ug;pkilﬂfg(y) where ¢* = max{q|pr_1+

1 < q < py and (Aje, v,(g)) = 1} and, by Assumption S.1, Gf’Jr ={0(q)|pr—1+1<q<q*}.
Similarly, for 1 < k<s,1<i<m,j€ Gf’_, if ZﬁeG’?’" Tg(y) < deG@,_ Yy(x), then

Uy (y,u) =y + vj implies that ¥y (z,u) = 4+ v, for some / € Gf’_. (S.12)



We also have that, for 1 <k < s and j € G¥, x <4 y + v; if and only if
(Aje,y — ) + (Aje,vj) >0, for every 1 <i <m. (S.13)
Similarly, z + v; <4 y if and only if
(Aie,y — x) — (Aja, v5) >0, for every 1 <1i < m. (S.14)
Furthermore, for 1 <k < s and j,¢ € GF, x + vy <4y + v; if and only if
(Aje,y — ) + (Aje,vj —vg) >0, for every 1 <i < m. (S.15)

To prove (S.8), we first consider the situation where y € int(K4 + ) = {w € R? | Az <
Aw}. Then, for each 1 <4 < m, (Aje,y — ) > 0 and since A € Z™*? and y — = € Z¢, we
have (Aje,y — 2) > 1. This implies that for each 1 < k < s and j € G*,

(Aje,y — ) + (Aie, vj) > 14 (Aje,v5) >0, for every 1 < i < m, (S.16)

since (Aje,v;) € {—1,0,1} by condition (i) of Theorem S.2. Similarly, for each 1 < k <'s
and j € GF,

(Aje,y — ) — (Aje,vj) > 1 — (Aje,v5) >0, for every 1 <1i <m. (S.17)
In addition, for 1 < k < s and j,¢ € G¥,
(Aje,y — ) + (Aie,vj —vg) > 14 (Aje,v; —vg) >0, forevery 1 <i<m, (S.18)

since, by Assumption S.1, if (Aje,vj) # 0, then either (Ao, vy) = (Aje,vj) Or (Aje,vy) = 0.
It follows from (S.16) — (S.18) that if y € int(K4 + x) N &, then for any 1 < k& < s and
g, b e Gk

T=AY+v, x+v;<ay and =+ v, <4 Y+ ;. (S.19)

We also have, by assumption, that z <4 y. It follows that if y € int(K4 + ) N X, then
{z,2 +v |0 € G} <a {y,y+vj|j€GF}for 1 <k <s and consequently (S.8) holds for
all u € [0, 1].

Now, we turn to the other situation where y € 9;(K4 + x) N X for some 1 < ¢ < m. Then
K, = {i| (Ais,y) = (Aje,x),1 < i < m} is non-empty. Let u € [0,1]. We consider two
cases.

Case 1: \TIA(y,u) =y +v; for some 1 < j < n.

Fix such an index j. Consider the unique 1 < k < s such that j € G*. Then, by (S.10),
either W (z,u) = x + vy for some £ € G¥, or Wy (z,u) = .

a) Suppose W (x,u) =z + vy for some £ € G¥. Observe that for every i ¢ Ky, (Aje,y —
x) > 0 and as for (S.18), (Aje, (y +vj) — (x + ve)) > 0, while for i € K, (Aja, (y +
vj) — (& +vp)) = (Aje, V) — (Aje, vg). For each i € K,

i) if (Aje,v;) = —1 and (Aje,vy) = 0, then j € Gf’_ and ¢ ¢ G?’_. By (S.6),
we would then have > _ .- T,(y) < > rect— Lr(z), which would imply by
(S.12) that ¥y(z,u) = = + v, for some r € Gf’_. Since we are assuming that

Uy (z,u) = x+ v, and we know the vectors vy, ..., v, are distinct, we obtain that
t=rc G,’f’_. This contradicts ¢ ¢ Gf’_.



ii) if (Aje,vj) = 0 and (Aje,v¢) = 1, then j ¢ Gf’+ and ¢ € Gf’+. By (S.7), we
would then have ZrGGf’* T, (y) > ZrGGf** T, (z), which would imply by (S.11)
that j € Gf’+. This contradicts j ¢ Gf’+.

iii) in all the other cases, that is when

(<Ai°7 vj)? <Ai07 Uf)) € {(17 0)7 (07 _1)7 (17 1)7 (07 0)7 (_17 _1)}7
we have (Aje, (v +v;) — (x +v,)) > 0.

Combining the above for case a), we see that (Aje, (y +vj) — (v + v¢)) > 0 for each
1 < i <'m, which implies that ¥y (z,u) =z + v 4 y+v; = Va(y,u).

b) Suppose ¥y (z,u) = x. We claim that y + v; € K4 + x. To see this, observe that for
every i ¢ Ky, (Aie,y — ) > 0 and as for (S.16), (A, (y + vj) — ) > 0, while for
i€ Ky, (Ao, (y+v5) —x) = (Aie,vj) € {—1,0,1}. For each i € K, if (Aje,v;) = —1,
which means j € Gf’_, then by (S.6) we would have }_,_ .- To(y) < > ek Ye(z),

which would imply by (S.12) that Uy(z,u) = z + v, for some ¢ € Gf’f, but this
contradicts the assumption that Wy (z,u) = z. So we must have (Aj;q,v;) > 0 and
hence (Aje, (y + v;) —x) = 0 for all i € K. Thus, y +v; € K4+ and so Ux(z,u) =
<4y +v;=Va(y,u).

Case 2: @A(y, u) = y. Again, we consider two subcases.
a) If ¥y(z,u) =z, then (S.8) holds, because = <4 y.

b) If ¥y(z,u) = « + v; for some 1 < j < n, we claim that y € K4 + « + v; for the
corresponding value of j. To see this, fix the value of j for which W¥y(z,u) = z + vj,
let 1 < k < s be such that j € G*, and observe that for every i ¢ K, (Aie,y —2) >0
and as for (S.17), (Aje,y — (z + v;)) > 0, while for i € Ky, (Aje,y — (x +vj)) =
—(Aie,v;) € {—1,0,1}. For each i € Ky, if (Ajs,v;) = 1, which means j € GF',
then by (S.7), we would have ZeeG‘;** To(y) > Zmaf* T¢(x), which would imply by

(S.11) that Wy (y,u) = y + v, for some £ € Gf’+, but this contradicts the assumption
that Wy (y,u) = y. So we must have (Aje,v;) < 0 and hence (Aje,y — (z +v;)) > 0 for
all i € K. Thus, we have y € Kx+x+v; and then V) (z,u) = 24+v; <4 y = Va(y, u).

0

In order to prove Theorem S.2, from here on we can follow a similar procedure to the
one used in the proof of Theorem 3.1 after Lemma 5.1 was proved there. For the case
where (5.1) holds, we define two discrete-time processes, Y = (Y;)r>0 and ¥ = (Y3 )0, by
defining Y := z°, Yy = z°, and for k > 0,

Vi1 := Ur(Ye, Ugs1), Vier1 == Ua(Vi, Upta), (S.20)

and define X and X using these and an independent Poisson process N as in (5.13). For
the case where (5.1) does not hold, we can use a truncation procedure similar to that for
Theorem 3.1. In both cases, we use Lemma S.1 instead of Lemma 5.1.



S.3.2 Two other A matrices for Example 4.3

Let
-1 0 0 0
A=10 0 -1 0f. (S.21)
0O -1 -1 0

For z € X, consider infinitesimal transition rates Ti(x), To(x), T3(x), T4(z) and Ts(z)
defined as for Yi(z), To(z), Ys(x), T4(z) and Ys(x) in (4.7), but with &; in place of k;
where £; = Ky, for ¢ = 1,2,3,4, and k5 < k5. Suppose that ko > k4. Now, let us verify
that the assumptions of Theorem S.2 hold. Condition (i) holds since Av; = (1,0, —1)%,
Avg = (0,0, 1), Avg = (1,-1,-1)T, Avy = (0,1,1)T and Avs = (0,—1,0)T. Assumption
S.1 holds with G' = {3,1}, G? = {4,2}, G3 = {5} and o(1) = 3, 0(2) = 1, 0(3) = 4,
o(4) = 2, 0(5) = 5. To verify that condition (i7) of Theorem S.2 holds, fix z € X and
first consider y € 01(Ka + ) N X, where O1(Ka+2)NAX = {w € X |z = wy,x3 >
w3, T2 + T3 > wo + w3, x4 < wy}. Given that (Aje,v1) = (Ate,v3) = 1, we need to check
that Y1 (z)+T3(z) < T1(y)+Ts(y). Sincey € 1 (Ka4z)NX, then Y1 (z) = kiz) = K1y1 =
Fiyr = T1(y) and Ys(x) = ks, = kay1 = Kay1 = T3(y), and so the desired inequality holds
with equality. Secondly, consider y € 02(K4q4 +2)NAX ={w € X | x; > wy,r3 = w3, x2 >
wa, x4 < wy}. Given that (Age,v3) = (Aze,v5) = —1 and (Age,v4) = 1, we need to check
that Ts(z) > Ta(y), Ta(x) < Ta(y) and Ys(z) > Ts(y). Since y € 0o(Ka + ) N A,
then Ys(z) = kg1 > kgyr = Rayr = T3(y), Ta(z) = kazs = Kays = Fays = Tu(y)
and Ys5(x) = Ksxa > Ksya > Rsy2 = Y5(y), and so the desired inequality holds. Lastly,
consider y € 03(Ka+2)NX ={w € X |x1 > wy,r3 > w3, T2 + T3 = wo + w3, Tg < w4}
Given that (Aje,v1) = (Ale,v3) = —1 and (Aje,v2) = (Ate,v4) = 1, we need to check
that Yi(z) + Ts(z) > Ti(y) + T3(y) and To(z) + Ya(z) < Ta(y) + Tua(y). For y €
03(K a4+ 2) N X, since kg > kg was assumed, we have that To(z) + T4(x2 = Koy + K4L3 =
(K2 — Ka)wo + Ka(@2 + 3) < (K2 — Ka)y2 + Ka(y2 + y3) = Rayz + Rays = T2(y) + Ta(y) and
Ti(z) = kiz1 > kiy1 = Ryl = T1(y), Ys(z) = k3z1 > k3yr = ksyr = Y3(y). Thus, the
conditions of Theorem S.2 are satisfied and so the conclusion of that theorem holds.

Let I' = {(0,0,0,S¢0t)}. This is an increasing set in X with respect to the relation
<a. Let T(0,0,0,8.0)s respectively T(070’0,St0t) be the first time that the Markov chain X,

respectively X, reaches the set I'. Then, by the generalization of Theorem 3.4, if X(0) =
X(0) = (Stot,0,0,0), we have that T(O,O,O,Stot) <st T(0,0,0,8000) It follows that increasing ks
will increase the mean first passage time from (Siot,0,0,0) to (0,0,0,Sior) when ko > kg
(See Figure S.1). Indeed, when ko > Ky, it takes a longer time to get to (0, 0,0, Sio) from
(Stot, 0,0, 0) if reaction (5) is added to the system without that reaction.

On the other hand, suppose

-1 0 0 O
A=|0 -1 0 O

0 -1 -1 0
and infinitesimal transition rates Ti(x), T2(z), Y3(z), T4(z) and Ts(x) are defined as for
Ti(x),Ya(z), Ts(x),T4(x) and T5(x) in (4.7), but with £; in place of k; where k; = k;, for
1=1,2,3,4, k5 > K5, and ko < k4. We can verify that the assumptions of Theorem S.2 hold,
as follows. Condition (i) holds since Av; = (1, -1, —1)7, Avy = (0,1,1)7, Avs = (1,0, —-1)T,
Avg = (0,0,1)T and Avs = (0,1,0)7. Assumption S.1 holds with G' = {1,3}, G? = {2,4},
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Figure S.1: A typical coupled realization of sample paths for Example 4.3. Here S;,; = 20,
K1 = k1 = 30, kg = Ry = 50, k3 = Rz = 10, Ky = Ry = 10, k5 = 1000 and K5 = 10. Both processes
X and X start at (Stot, 0,0,0). As shown in Section S.3.2, for these parameters, we have, almost
surely, X (t) <4 X(t) for every ¢t > 0 where the matrix A is given in (S.21). A coupled realization
using the algorithm described in Section S.4 is plotted to illustrate this result. In particular, we see
in this sample that X1 () > X (t), Xa(t) + Xs(t) > Xo(t) + X3(t) and Xs(t) > X3(t) for all times ¢.
Moreover, the first passage time to (0,0,0, Stot) for X (which is equivalent to the first time to get
to the state where Xy = Siot) is larger than for X. Since this first passage time result is true for all
coupled samples, we can conclude that the mean first passage time from (Stot, 0,0, 0) to (0,0, 0, Stot)
is larger for X than for X.

G3 = {5} and o(1) =1, 0(2) = 3, 0(3) = 2, 0(4) = 4, 0(5) = 5. To verify that condition
(17) of Theorem S.2 holds, let z € X, and first consider y € 01(Ka + x) N X, where
NEsg+2)NX ={w € X |x1 = wy,x2 > wa, T2 + 3 > wo + ws, x4 < wy}. Given that
(Ale,v1) = (Aa,v3) = 1, we need to check that T1(z) + YTs(x) < Ti(y) + Ts(y). Since
y € 0(Kgq+x)NX, then Ti(z) = kix1 = K1y1 = Fiy1 = Tl(y) and T3(x) = kgx] =
K3yl = R3y1 = T3(y), and so the desired inequality holds with equality. Secondly, consider
ye h(Ka+z)NX ={we X|x1 > wi,re = wo,x2 + 3 > wo + w3, x4 < wy}. Given
that (Age,v2) = (Age,vs5) = 1 and (Age,v1) = —1, we need to check that Y;(x) > Tl(y),
To(x) §V'vf2(y) and T5(z) < Ts(y). Since y € D2(Ka+2)NX, then T1(z) = k121 2 K1y =
Ryt = T1(y), To(x) = koo = Koys = Roys = To(y) and Ts(z) = Ksx2 = Ksyz < Ksyz =
T5(y), and so the desired inequality holds. Lastly, consider y € 93(K4 +2)N&X = {w €
X |z > wy,xe > wo, 0 + 23 = we + w3, x4 < wy}. Given that (Aje,v1) = (Aje,v3) = —1
and (Aje,v2) = (A1e,v4) = 1, we need to check that Yi(z) + T3(z) > Ti(y) + Ts(y)
and To(z) + Yyu(z) < Ta(y) + Ta(y). For y € d5(K4 + ) N X, since kg < kg4, we have
that T1(£C> + Tg(x) = (/ﬁ:l + H3)(L‘1 > (Iﬂ + /ﬁ;g)yl = (/?31 + /?;3)y1 = Tl(y) + Tg(y) and
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To(z) + Ya(x) = Kowa + Kaws = (K1 — K2)T3 + Ko(22 + 23) < (K4 — K2)ys + Ka(y2 +y3) =
Roya + Rays = Yao(y) + Y4(y). Thus, the conditions of Theorem S.2 are satisfied. In
particular, we can conclude when ko < kg4, that it takes less time to get to (0,0,0, Stot)
from (Stot, 0,0, 0) if reaction (5) is added to the system without that reaction®.

S.4 An algorithm for coupled stochastic simulation

We now provide an algorithm for stochastic simulation of the coupled continuous-time
Markov chains X and X under the conditions of Theorems 3.1, 3.2, 3.3 or S.2, when the
transitions rates are bounded on the state space, i.e., when (5.1) holds.

Algorithm: Stochastic simulation for coupled continuous-time Markov chains X
and X.
Data: Integer n > 1, real T > 0, set X C Zi, vectors vy, ..., v, in Z%\ {0}, 2°,#° in
X, functions T = (Y4,...,7,) and Y= (’fl, e ’fn) and integer
a € {1,2,3,4} to indicate which theorem is invoked (3.1, 3.2, 3.3 or S.2).

Result: Sample of initial time and subsequent potential jump times Ty, 11, ..., TN
and associated states X (1), X(T1),...,X(Tn) and X (Tp), X(T1),

9
9] 9]

..., X(Tx) for the continuous-time Markov chains X and X in the time
interval [0, 7.
A < 1+ nmax {supmeX > =1 (@), supger D7y Y](:c)} ;
K + 0;
Ty <+ 0;
while T < 7T do
Tk 1 < Tk+ Exponential (A);
K+ K+1;
end
Yo, Yo < 2°, 8%
X(Tp), X (Tp) + 2°,&°;
N+ K —1;
if N > 1 then
for k<~ 0to N —1do
U <+ Uniform(|0,1]);
Yit1, Yk+1 < TransitionDTMC(T, \, Yy, U, a),
TransitionDTMC(T, \, Y, U, a);
X (Th+1), X (Th41) < Vi, Yeys
end
end

The random variables 77, ..., Ty are called potential jump times because it could be that
X(Ty) = X (Tpy1) or X(T}) = X(Tjp1) for some 0 < k < N — 1. Letting Ty 41 := T, the
trajectories of X are given by X (t) = X (T}) for T, <t < T41, 0 < k < N, and similarly
for the trajectories of X.

9The system without reaction @ can be obtained from the system with reaction @ by setting x5 = 0.
While strictly speaking a zero rate constant is not within our definition of mass action kinetics, our theory
does cover propensity functions with such a zero rate constant.
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The function TransitionDTMC can be found below. This function is meant to replicate
@) (x,u) in (5.4) for the case of Theorems 3.1 and 3.2, and ¥y (x,u) in (5.34) for the case
of Theorems 3.3 and S.2.

Function TransitionDTMC(Y, A\, z, u,a)
Data: Integer n > 1, set X C Z‘i, vectors vy, ..., v, in Z4\ {0}.
Input: Function T = (Yy,...,T,), A > 0,2 € X,u € [0, 1]. Integer
a € {1,2,3,4} to indicate which theorem is invoked (3.1, 3.2, 3.3 or S.2).
For the case of Theorem 3.3 or S.2, include partition {G*,...,G*} and
bijection o.
Output: State x +v € X.
v <+ 0;
if a € {1,2} then // The case of Theorem 3.1 or 3.2.
for j <+ 1 tondo
if%§u<%+rj7(z)then
U — vy
end

end
end
else // The case of Theorem 3.3 or S.2.
po < 0;
for k+ 1 to s do
Pk Pe—1 + |GF;
for ¢ + pr_1+ 1 to p; do
ep Dk q—1 Yoo (@) Ph— q Yoo ()
if == +Ze:pk,1+1 o Su< P "’Zzzpk,lﬂ 5 — then

V4= VUg(

Q)
end

end
end
end
return z+v

Remark S.3. The above algorithm can be adapted to provide simultaneous stochastic
simulation for X and X when transition rates are not bounded on the state space, by
applying the algorithm on a sequence of bounded sets, which expand to the whole state
space. This employs a sequence of successively defined stopping times 79 = 0, 7, = inf{t >
Ti—1 | X(t) ¢ Cypor )v((t) ¢ Cp}, ¢ = 1,2,..., where the Cy are compact, Cy C Cyyq for
¢=1,2,... and UX,Cy = X. The simulation of the pair (X, X)(t) for 7p <t < 741 uses
the above algorithm on Cy for £ =1,2,....
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