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Abstract—1In this paper, the safety control problem for a
class of hybrid systems with disturbance inputs and imper-
fect continuous state information is considered. Under the
assumption that the system has order preserving dynamics, we
provide an algorithmic procedure for computing the control
map, which has linear complexity in the number of continuous
variables. The structure of the control map with imperfect
state information is the same as the one with perfect state
information, implying separation between state estimation and
control. We illustrate the proposed algorithm on a class of
applications characterized by order preserving dynamics.

1. INTRODUCTION

In this paper, we consider the safety control problem for
hybrid systems affected by disturbance inputs and imperfect
continuous state information. There is a wealth of literature
on safety control for hybrid automata assuming perfect
state information [8, 10, 13, 15—-17]. This control problem is
addressed by computing the set of states that lead to an
unsafe configuration independently of an input choice, called
here the capture set. Then, a static feedback is computed
that guarantees that the state never enters the capture set.
As it appears in these previous works, the algorithms do
not scale with the size of the system and are limited to
state spaces with small dimension. Furthermore, the proposed
algorithms are not guaranteed to terminate [15]. To reduce
the computational load, approximate algorithms have been
proposed to compute over-approximations of the capture set
[9, 17].

These works are only concerned with state feedback, that
is, the state of the system is assumed to be available to the
controller. In the literature of hybrid systems, dynamic feed-
back is scarcely addressed. Some works on this problem have
recently appeared [5—7,20]. In particular, [20] proposes a so-
lution to the control problem for rectangular hybrid automata
that admit a finite-state abstraction. Dynamic feedback in a
special class of hybrid systems with imperfect discrete state
information is presented in [5], however safety invariance is
not considered. Dynamic control of block triangular order
preserving hybrid automata under imperfect continuous state
information is considered in [6] for discrete time systems.
In [7], these results are extended to continuous time hybrid
systems on a partial order and a formal separation principle
is stated. However, these results are not applicable when the
hybrid system is affected by disturbance inputs.
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In this paper, we extend the results of [7] to hybrid systems
with disturbance inputs. In particular, we exploit the order
preserving structure of the system dynamics to show that the
capture set (with perfect or imperfect state information) can
be determined from two sets. These two sets can in turn be
computed with linear complexity algorithms. The dynamic or
static control map is then directly constructed from these two
sets. The resulting structure of the dynamic control map is
the same as the structure of the static control map, in which
the state is replaced by its estimate. This implies separation
between state estimation and control design for the class
of order preserving hybrid systems considered. We apply
the developed control algorithm on a collision avoidance
problem between two vehicles at a traffic intersection.

This paper is organized as follows. In Section II, we
introduce basic definitions and the class of hybrid systems we
consider. In Section III, we provide a mathematical statement
of the safety control problem. In Section IV, we give the
main result of the paper, namely the dynamic feedback
control map and separation principle. In Section V, we
present a discrete time algorithm for computing the dynamic
feedback. In Section VI, we present an example application
involving the safety control of two vehicles at an intersection.

II. PRELIMINARIES
A. Notation and Basic Definitions

For the element x € R" and set A C R", denote the distance
from x to A d(x,A) := infys|lx —y|l. For A,B € R", let
d(A, B) := inf,es d(y, B). For the set A C R", let B(A,€) :=
{z € R" | d(z,A) < €}. Denote the canonical projection T7; :
R" — R defined by 7;(x) = x;, which naturally extends to
sets. Denote the unit sphere S” and unit disk D", where S" :=
{x e R™! | |Ix]l = 1} and D" := {x € R*! | ||x|] < 1}. For
sets A, B C R" we define the relation A < B if 71(A) N 71(B)
is non-empty and for all x € A and y € B such that x; =y,
we have x; < y».

We denote the space of piecewise continuous functions
from R, to A C R as S(A). We use the notation F : A =
B to denote a set-valued map from A into B. Denote the
unit interval I := [0, 1]. We define the Cone at vertex x €
R" with respect to aj,ay,...,a; € R" as Coney,, 4y, )% =
YeR"| (y—xla;) >0V ie(l,2,...,k}}. For x € R?, we
use the shorthand notation Cone.(x) := Coney, ¢,)(x) C R?
and Cone_(x) := Cone(;, —5,)(x) C R”.

Definition 1: A path y € C°(I,R?) is said to be order
preserving connected (o.p.c.) if it is simple [14], and for all
x € R? Cone, (x) N y(I) # 0 implies that Cone, (x) N y(I) is
path connected. A set D C R? is said o.p.c. if for all x,y € D,
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Cone, ()

Fig. 1. A is an o.p.c. set while B is not an o.p.c. set.
there exists a y € C°(I, D) such that ¥(0) = x,y(1) = y and
v is o.p.c. (Figure 1).

A partial order is a set P with a relation ”’<”, which we
denote by the pair (P,<) [4]. Define the partial order (R", <)
for w,z € R" as w < z if and only if w; < z; for all i €
{1,2,...,n}. For U C R, we define the partial order (S (U), <)
for w,z € S(U) as w < z provided w(?) < z(¢) for all € R,.
Suppose (P,<p) and (Q,<p) are two partially ordered sets. A
map f : P — Q is an order preserving map provided x <p y
implies /(x) <¢ f0).

B. Class of Systems Considered

We consider piecewise continuous systems, with imperfect
state information. This includes the set of hybrid systems
with no continuous state reset and no discrete state dynamics.

Definition 2: A piecewise continuous system X with im-
perfect state information is a collection £ = (X, U, O, f, h),
in which (i) X C R" is a set of continuous variables; (ii) U
is a set of continuous inputs; (iii) O is a continuous set of
outputs; (iv) f : XX U — X is a piecewise continuous vector
field; (v) h: O = X is an output map.

For an output measurement z € O, the function h(z) returns
the set of all states compatible with the current output. We
let ¢(t, x,u) denote the flow of X at time ¢ € R,, with
initial condition x € X and input u € S(U). Denote the
i component of the flow by ¢;(t, x, u). We assume uniform
continuity of the flow with respect to time.

We restrict our class of systems X = (X, U, O, f, h) to order
preserving systems. These systems are defined on the partial
orders (R",<) and (S (U), <). Order preserving systems are
a subclass of Monotone Control systems, see [1].

Definition 3: We say that X is order preserving provided
there exist constants u;,uy € R and a constant & > 0 such
that (i) U = [ug,uy] € R; (ii) The flow ¢(¢, x,u) is order
preserving with respect to input and initial condition; (iii)
filx,u) > & for all (x,u) € X X U; (iv) For all z € O, h(z) =
[inf A(z), sup h(z)] € R™.

Definition 4: For ' = X', U", 0", f',h!) and %* =
X2, UZ,Oz,fz,hz), we define the parallel composition ¥ =
2?2 = (X, U, O, f h), in which X = X' x X2, U :=
U'xU?, 0:=0"x%, f:=(f" (% and h:= (h',h?).

For x = (x',x*) € X! x X? and u = (u',u?) € S(U") x
S(U?%), we denote the flow of the parallel composition
TU[E? as @1, x, (u',u?)) = (¢' (¢, x, (0, u?)), $°(2, x, (u', u?)))
in which ¢'(¢, x, (u',u?) € X! and ¢*(t, x, (u',u?)) € X
When referring to a component of ¢(z, x, (u',u?)), we denote
¢ (. x, (' u?) = ()0, x, (0, 07)), 430, x, (u', u?)).
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III. PROBLEM FORMULATION

Given the parallel composition £ = (X, U, O, f, h) of two
systems (referred to as agents) >!. 32 and a bad set of states
B C X, consider the problem of designing a controller that,
based on perfect state measurements, prevents the continuous
flow from entering B.

We assume that system X! can be controlled, that is u' €
S(U") can be chosen, while system ¥2 cannot be controlled,
namely, u? € S(U?) is a disturbance. In the sequel, we denote
6 := u? and A := U? so that § € S(A). With abuse of
notation, denote u :=u'! and U := U' so that u € S(U). We
thus denote the flow of £ by ¢(z, x, (u,6)) with x € X and
(u,6) € S(U)x S(A).

First, consider the problem of keeping the flow outside
B using static feedback, that is, we assume perfect state
information.

Problem 1: (Static Feedback Safety Control Problem)
Given a system X! 12 with O = X and & = id, determine

oo [ xEX1TueSU)sLY sesm),
1 wehave ¢'t,x,(w,0) ¢BVYteR, [’

and a set-valued map g : X =3 U such that for initial
conditions x € W, we have ¢(t, x, (u,6)) ¢ B for all 6 € S(A)
and t € R, when we choose u(r) € g(¢(r, x, (u, §))), for all
T EeR,.

This problem can be interpreted as one of determining a
winning strategy for the controlled agent X', while ensuring
that any input chosen by agent £? does not lead the state
into B.

The second problem considered is the dynamic feedback
problem. We now assume imperfect information about the
state. Let (¢, X9, u, z) denote the set of all possible states at
time ¢ given a set of initial conditions %y C X and measurable
signals u and z. More formally,

X(t,Xp,u,z) :={xeX|Axp€Xpand d € S(A) s.t.
&(t, x0, (u,0)) = x and &(7, X0, (0, 6)) € h(z(7)) ¥ 7 € [0, 1]}.
The set X(t, X9, u,z) is called the non-deterministic infor-
mation state [11] and we will denote it by X(r) when %y, u
and z are clear.

Problem 2: (Dynamic Feedback Safety Control Problem)
Given a system X!||Z2, determine

W e AcX|dueSWU)st.¥YzeSO)
"1 we have ¥(t,A,u,z) NB=0V teR, [’
and a set-valued feedback map G : 2X =3 U such that for
initial convex sets A ¢ W, we have (¢, A, u,z)NB = 0 for all
t € R, and z € S(O) when we choose u(t) € G(X(1, A, u,,z)),
for all T € R,.
IV. PROBLEM SOLUTION

Let B c R? be a bounded open o.p.c. set and define
B :={x e R™ | (x],x}) € B). (1)

This choice is motivated by systems in which x| and x?
represent displacement and B represents a set of collision
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configurations. For systems evolving on partial orders, o.p.c.

sets provide a natural geometry for capturing the flow.
Rather than directly computing W, we compute the capture

set, defined as C := X\W. Mathematically, it is defined as

oo xeXIVuesW)ses0),
- s.t. Ry, x, (0, ) NB #0 ’

In this paper, we develop a novel way of computing the
capture set through the computation of simpler sets. For a
given input u € S(U), we define the restricted capture set to
be the capture set when the input signal is restricted to u.
Mathematically, this is expressed as

Ca={xeX|36eSA) s.t. (R, x,(@,0) N B # 0}.

Since X! and X? are order preserving, we have that U =
[ur,uy] and A = [01,05]. We define the signals uy(7) := uy,
uy(t) = ug, 6.(t) := 6, and 6g(¢) := 6y, which each hold
for all r € R,. We state the first main result of this paper, a
necessary and sufficient condition on convex sets A leading
to non-empty intersection of the flow ¢(R,, A, (u,§)) with B
for every control input u.

Theorem 1: Consider X!|[Z? and a convex set A ¢ X. Then
ANCy, #0and ANC,, # 0 holds if and only if for all u €
S (U), there exists € S(A) such that p(R,, A, (u,6))NB # 0.

Before giving the proof, we introduce the following inter-
mediate result, whose proof can be found in the appendix.
We assume continuity of the flow with respect to initial
conditions.

Lemma 1: Consider X'||Z? and a convex set A C X,u €
S(U) and y € C°(1,R?) o.p.c. with inf 7;(A) < max 7, (y(])).
Then ¢]°(R+,A,(w,S(A)) N y(I) = 0 if and only if
¢ % (Re, A, (u,81)) 2 Y (D) or ¢ (Ra A, (w,8p)) < ¥(D).

Lemma 1 states that the flow ¢ generated from initial
conditions A and input u can avoid an o.p.c. path y in the
(x},x7) subspace if and only if the disturbance 6§, takes the
trajectory of ¢}’2 above y or the disturbance 6y takes the
trajectory of ¢>i’2 below 7.

Proof: (Theorem 1). (<) Follows by choosing the
constant input uz or ug.

(= Construction) Consider an arbitrary u € S(U).
Since ANCy, # 0 and AN Cy, # 0, the definition
of the restricted capture set implies that there are x,y €
A,61,0, € S(A) and 11,1, € Ry such that ¢(z, x, (uz, 61)) €
B and ¢(t2,y,(ug,62)) € B. Let w,v € B where u =
q):’z(tl ,x,(uz,d1)) and v = ¢}’2(t2,y, (ug, 62)). From equation
(1), we have that u,v € B. Since B is an o.p.c. set, there
exists an o.p.c. path y € C°(1, B) with y(0) = u and (1) = v.

Condition (ii) of Definition 3 and the decoupling of the
dynamics imply qﬂ(ll,x, (u,07)) > p; and qﬁ([l,x, (u,d,)) <
(2. Condition (iii) of Definition 3 and the uniform continuity
of the flow with respect to time imply there must be a time 7 €
[0, #;] such that ¢{(t_, x,(w,67)) = ;. At this time 7, condition
(i1) of Definition 3 and the decoupling of the dynamics imply
qﬁ(f, x,(u,d8y)) < ¢f(t1,x, (u,07)) < up. Since u € y(I), we
thus have that

¢12 (R, A, (0, 61)) % (D). )
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Similarly, condition (ii) of Definition 3 and the decou-
pling of the dynamics imply ¢}(t2,y, (u,0y)) < v; and
gzﬁ(tg,y, (u,dy)) = v,. Condition (iii) of Definition 3 and the
uniform continuity of the flow with respect to time imply
there must be a time 7 > , such that q)i(t_, y,(u,dy)) =v;. At
this time 7, condition (ii) of Definition 3 and the decoupling
of the dynamics imply ¢%(t_,y, (u,dy)) > (ﬁ(tz,y, (u,éy)) >
v,. Since v € y(I), we thus have that

612 (Ry, A, (0, 85)) £ y(D). 3)

Note that zZ)}(O, x,(w,8)) < uy from condition (iii) of
Definition 3, implying inf7;(A) < maxTt(y(I)). There-
fore, (2) and (3) allow us to invoke Lemma 1, giving
¢*(Rs, A, (0, S(A)) N y(I) # 0. This implies there is z €
A and § € S(A) such that ¢;*(R.,z, (u,8)) N B # 0, which
leads to ¢(R,, z, (u,6)) "B # (. Since this holds for arbitrary
u € §(U), we have completed the proof. |

Corollary 1: C = Cy, N Cy,,.

Proof: Follows by applying Theorem 1 to A = {x}. ®H

For the above Corollary, it can be shown that it is not
necessary to require continuity of the flow with respect to
the initial condition.

A. The control map
Define the set-valued map G : 2X 3 U as
uy, ifZNCy, #0and ZNAC,, 0

and ZNCy, =0
Uy ifZNCy, #0 and ZNOC,, # 0
G(2) = and ZNCy, =0 (@)
{up,ur} ime@CuH +0, Zﬂ@CuL 0
and ZN (Cy, UCy,) =0
U otherwise.

We define the closed-loop flow generated with the set-
valued map G starting from A C X as follows.

Definition 5: For A C X compact, let ®u(r,u) :=
{p(t, x,(un,0)) | x€ A and 6 € S(A)}. The closed-loop flow
generated by G starting in A is the set-valued map <Dj‘l Ry 3
X defined as CD;’(I) = {Du(t,0) | u(r) € G(Dy(1,0)) VT €
R,}.

We next show that the feedback map (4) guarantees that
the closed-loop flow d)fz(t) never intersects B whenever A N
Cy, =00r ANGCy, =0.

Theorem 2: Let A ¢ X be compact and convex. If A N
Cy, =0 or AN Cy, = 0 holds, then ®{(r) N B = 0 for all
teR,.

Proof: Observe that if (1) N Cy = 0 for some u €
S (U), then necessarily CI)ZZ(t) NB = 0. This follows from the
fact that B ¢ C, for all u € S(U). Thus, we show that if the
hypothesis is satisfied, necessarily (I)f"(t)ﬂCuL =0 or CDZ’(t)n
Cy, =0 for all t e R,.

We proceed by contradiction. Suppose there exists a #, > 0
such that @4 (), N Cy, # 0 and (I)f"(tz) N Cy, # 0. The con-
tinuity of the flow with respect to initial conditions and time
implies that (Df{ (1) is both upper and lower hemi-continuous,
and thus continuous [2]. This, along with (Djf O)NCy, =0 or
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(I)ff(O) N Cy, =0, implies there exists an interval [#;,#] C R,
such that one of the following cases occur:

Case(I): (1) N Cy,, # 0 for all 7 € [1, 1], while O ()N
Cy, = 0 and ®%(t,) N Cy, # 0;

Case(II): (I)fﬁt) NCy, # 0 for all t € [t;,1,], while (I)f‘l(t])ﬂ
Cu, = 0 and ®<(t,) N Cy,, # 0;

Case(III): (Dj?(tl) N Cy, =0 and (Dj‘l(tz) N Cy, = 0 while
(1) N Cy,, # 0 and QY1) N Cy, # 0 for all 1 € (11, 1].

Case(I). If the flow is continuous with respect to initial
conditions, we can use Theorem 1.4.16 (Maximum Theorem)
from [2] to show that dist(?) := SUP eqel(ry d(x, ~ Cu,) is a
continuous function. Since ®¢(r) and ~ Cy, are closed for
all ¢, dist(t) = 0 if and only if (I);’(t) C (~ Cy,), implying
dist(t;) > 0 and dist(t;) = 0.

This along with the continuity of dist(#) implies there is a
f € [t1, 1] such that

t = max{t € [t,1) | dist(t) = 0}, 5)

because the preimage of a closed set must be closed under
a continuous function. By the continuity of <I>21(t), it follows
that ®(H) N ACy, # 0.

At time 7 we also have that CDZl(f) N Cy, # 0 and CDﬁxl(f) N
Cy, =0, implying from the definition of G in (4) that

G(DY (D) = ur. (6)

From (5), we have dist(t) # 0 for all 7 € (7, 1,], implying that
O ()N Cy, # 0 for all 1 € (7,1,]. Since D(1) N Cy,, # 0 also
holds for all ¢ € (¢, 1], G(bef(t)) = U for all t € (7,1,]. Thus,
uyp € G((Df"(t)) for all 1 € (7,1;]. Now let y € (I)f"(tz)ﬂCuL and
choose z € (Dﬁ‘l(ﬂ such that ¢(t, — 1, z,(ug, 6)) = y, for some
0 € S(A). Since y € Cy, and uy = uy, for all r € [f,1,], we
must have that z € C,, by the definition of C,. This leads
to a contradiction, since we assume CDX(D NCy, =0. As a
consequence, such an interval [¢1, ;] for which Case(I) holds
cannot exit.

For Case(Il) and Case (III), a similar argument holds.
Therefore @ (1) N Cy, = 0 or (1) N Cy,, = O must always
hold under G for all ¢ € R,,. Thus, implying that CI)fql(t)ﬁB =0
for all r € R,. |

We summarize the solutions to Problem 1 and Problem 2
in the two following theorems, respectively.

Theorem 3: (Solution to Problem 1) The set W of Problem
1 is given by W = X\(Cy,NCy,,). A feedback map g : X 3 U
is given by

ur, if x € Cy,, and x € 9Cy,
. Uy if x € Cy, and x € 9Cy,,
8=\ L u) if x € Cy, and x € 3Ca,
U otherwise.

Proof: Direct consequence of Corollary 1 and Theorem
2, in which A is a singleton. [ |
Theorem 4: (Solution to Problem 2) A convex set Xy C
X is in W if and only if £ N Cy, = 0 or £ N Cy, = 0.
Furthermore, if £y C W is also compact, then a dynamic
feedback map G : 2X =3 U is given by (4).
Proof: By Theorem 1, there exists a u € S(U) such
that ¢(t,A,(n,0)) N B = 0 for all 6 € S(A) and ¢ € R,
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if and only if ANCy, =0 or ANC,, = 0. Letting A =
Xo and assuming z is the worst-case observation signal that
does not restrict the flow ¢(z, A, (u, §)) further, we have that
x(t, Xo,u,2) = ¢(t,A, (u,0)) for all + € R,. Therefore, there
is an input u € S(U) such that ¥(R,, %y, u,z) N B = 0 for
all 6 € S(A) and ¢t € R, if and only if %, N C,, = 0 or
Xo N Cy, = 0. Theorem 2 shows that feedback map G given
by (4) maintains CD;{) (#) not intersecting B for all t € R, and
thus x(z, Xp, u,z) with u(r) € G(i(t, Xp,uz)) YT € R, does
not intersect B for all r € R,. [ |

Since the static feedback map g is equivalent to the
dynamic feedback map G with set inclusion replaced by
membership, a separation principle holds for '||Z? between
state estimation and control.

V. ALGORITHMS IMPLEMENTATION

By virtue of Theorems 3 and 4, the static and dynamic
control Problems 1 and 2 can be solved by computing the
sets Cy, and C,,. These sets can be in turn computed
by linear complexity algorithms. With the idea of digital
implementation, we illustrate our algorithm in discrete time.
We assume that f{ does not depend on x! for i € {1,2}.
This structure is found, for example, in systems consisting
of chains of integrators. These can be in turn be realized
after the feedback linearization of a nonlinear system (when
such a transformation exists).

Let ¥ := (x},...,x}), fio= (ff,....x,) and define the
discretized system (using the forward Euler approximation)
with step size AT > 0 and index n

xn+1] xi[n] + Fi(¥[n], u'[n]),

®[n] + F'(%[n], w'[n]),

in which F’1 (X[n],wi[n]) = ATfli()'ci[n],ui[n]) and
F'(X'[n],u'[n]) := AT f'(x'[n],u'[n]) are order preserving
in both arguments. For a given bad set B with 7y ,.(B)
bounded, we construct an over-approximation of B using
intervals. Let L' = infr((B), U' = supri(B), L* =
inf1,,1(B), and U?> = supt,,1(B). Thus we must have
B c[L',U'] x [L? U?]. Thus, we have Bc B := [L!, U] x
R x [L2, U?] x R"!. Note that if B is a box, then B = B
and our computation exactly determines the restricted capture
sets Cy, and Cy,,.

We next propose the algorithm wused to compute
the restricted capture sets. Set F*O(¥[n],ui[n]) := O,
Fil(&[n),u'[n]) := X[n],u/[n] and recursively define
FHU(F n],wi[n]) = F(F*([n],v'[n]),w[n]) for k € N.
With the goal of computing C,, and C,,, we consider the
initial conditions %', ¥* € R"™!, and define

Hn+1]

LY (x'[n], u)
UM (&' [n], u)
L*(&[n], u)
U (& [n], u)

= L' = ¥ FI (&' [n] + FY(%' [n], ), u)
= U = BN LG ] + FY(E ], ), w),
= L' = Y20 F{(&[n] + F>I(¥[n), 61), 61)
= U? - B8 F1(®[n] + F2/(%[n], 6,), 6L).

For u(¢) = u € U for all t € R, one can check that
c x € X | dk > 0 such that
u

N\ DR w) < X < UREu) Vie(1,2) [
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Since the dynamics of the system are order preserving with
respect to the state, we construct a state estimator that keeps
track of only the lower and upper bounds of the information
state. Let V&’ := sup &' and A%’ := inf &’ denote the upper and
lower bounds respectively of the set of possible current states
#. Let 2’ be an output measurement of for the i agent, let
hi(Z'[n]) = [inf hi(Z'[n]), sup A'('[n])] and let 7', := Z'[n + 1].
Then a state estimator that updates VX and AX is given by

Villn+ 11 = V&'[n] +inf{F](vZ'[n],uln]),sup h' (z})},
AR n+1] = AZ'[n] + sup{Fl(A%'[n], u[n]),inf h'(z})),
VE[n+ 11 = V&[n]+inf{F}(V#2[n],6L), sup h2 ()},
AR[n+1] = AR[n] + sup{FE(AR[n], 6p), inf h*(22)).

At every time step n, one needs to check whether
[Vx[n], AX[n]] intersects C,, or C,,. From assumption
(ii) in Definition 3, we know that Fi(¥[n],u’) is or-
der preserving in the argument X¥[n], thus the func-
tions L'%(X'[n],u) are order reversing in the argument
x. Let L*&[nl,uy) = (L'*(&'[n],ur), L**(&*[n],ur)) and
U*(R[n], ur) := (UYS(R'[n], ur), U>*(%*[n], u.)). Therefore, a
sufficient condition guaranteeing that for some i € {1, 2}, we
have [Vx[n], Ax[n]] N (Ui [LX(R[n], up), UXR[n], ur)]) = 0, is
that for all k € N, there exists i € {1,2} such that

[Vx'[n], AX'[n]] N [L*(VE[n], up), UK(AR ], u)] = 0. (7)

Condition (ii) of Definition 3 implies that the sequences
{L'*(3'[n], u)}ren and {U*(#'[n], u)}rex are strictly monoton-
ically decreasing to —oco. Therefore, condition (7) need only
be checked for all k € N such that A% > U*@&'[n], u).
This guarantees termination of the dynamic algorithm that
computes the control map.

VI. SmmuLatioN REsuLTs

We illustrate the application of the algorithms outlined in
Section V on a system that is naturally order preserving. We
consider the problem of maintaining a safety specification
for two vehicles merging at a traffic intersection (Figure
3). The controlled agent has imperfect knowledge of the
entire state, a condition present when sensors are assumed
to only provide information subject to bounded error (due
to GPS measurements, for example). For practical reasons,
both agents are forced to maintain a strictly positive bounded
forward velocity, which is accomplished by modifying the
second order model from [18] to include a fixed invariant,
yielding the piecewise continuous system depicted in Figure
2.

T2 = Umin

z'l = T2
I‘z =
22 € (Ymin, Ymaz)

a>0
Fig. 2. Hybrid system modeling the dynamics of each agent. In
the diagram, we denote « := au + b + cx3.

One can verify that each agent satisfies all conditions of
Definition 3. We implement the algorithms of Section V
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Fig. 4. The above plots depict snapshots of the dynamic evolution of
the closed-loop system. The system considered has a' = 1, ' = —.5 and
¢t = —.1fori e {1,2}, with vy, = .25 m/sec and vyqy = 2 m/sec. We choose
AT = .1sec, B=[4,6]xRX[58] xR, U=A=1 x9=(-20,.5-30,.5),
Xo = [-22,-18] x [.3,.7] x [-32,-28] x [.3,.7]. The measurements z are
generated randomly with a uniform probability distribution in the interval
[x(t) — (5,.5,5,.5), x(t) + (5,.5,5,.5)] so that h(z) = [z - (5,.5,5,.5),z +
(5,.5,5,.5)]. The black box represents the projection of (f) onto the (x} s x%)
plane. The red box represents the projection of B onto the (x:,xf) plane,
the slice of Cy, corresponding to the current velocities is shown in light
grey with a solid outline and the slice of Cy;, corresponding to the current
velocities is shown in dark grey with a dashed outline.

symbolically to compute the restricted capture sets C,, and
Cy,, - Figure 4 shows the execution of the closed-loop system.

VII. ConcLusioN AND FUTURE WoORK

In this paper, we have considered the problem of safety
control for a class of hybrid systems with imperfect state
information, disturbances, and order preserving dynamics.
By exploiting the order preserving dynamics, we provided
static and dynamic feedback maps that can be computed
by linear complexity algorithms. The resulting control maps
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for the static and dynamic control problem have the same
structure. This highlights a separation principle between state
estimation and control for the class of systems studied in this
work.

Future work includes extending the algorithms to more
general hybrid systems with continuous state reset and dis-
crete state dynamics [19].

VIII. AppeNnpIX: PROOF OF LEMMA 1

Before giving the proof of Lemma 1, we need the follow-
ing intermediate results.

Proposition 1: Consider Z!|22, x = (x!,x?) € X, u €
SW),6 € S(A) and v € C, Rz) o.p.c. where )cl <
max ‘rl(y(l)) Then, we have that ¢1 (]R+,x (u,0)) = y(I)
or ¢1 (R+,x (u,0)) 3 y(I) if and only if ¢1 (R+,x (u,d)N
y)=0

Proof: (=) Follows from the definition of the <
relation.
(=) Suppose {4*(R.,x,(w.8) x  y() or

¢*(Rs, x,(0,8)) 3 (1)} does not hold. The hypothesis
¢%(0, x, (u,8)) < sup71(y(I)) and condition (iii) of Definition
3 imply that there exist a',a? € I and 11,1, € R, such
that ¢,%(11, x, (u,6) 5 y(a') and ¢;%(t2, x, (u,6)) = y(a?).
For simplifying notation, let ¢(f) := gbi’z(t, x, (u,0)).
Without loss of generality, assume a' < a2, define
x = (min{yi(@"), 71}, min{#}(t1, x,u,8),72(a?)}), and
I'1» := y([e!,a?]). By the construction of y, we have that
y(a"), y(e?) € Cone,(y), which implies that I';, ¢ Cone, (y)
by the definition of o.p.c.

We now consider the three possible cases: (Case I) #; = f,,
(Case II) 11 < 1p, and (Case III) t; > 1,.

(Case II) Suppose t; < t,. This along with condition (ii)
of Definition 3 implies that y,(a') < (). We assume
that ¢(t;) < y(I) and ¢(t;) > y(I), otherwise we would be
back to (Case I). Define the sets S1 := Coney,, e,}(y(cx ))
and S, := Cone,(y). Define A := 51 U(~ S,) and A :
AUy(a") Uy(e?). Since vy is an o.p.c. path, ', C Cone+(,\/)
and ', NSy = 0, we must have that I')n, N A = 0.
The set A is path connected, implying the existence of
¥ € C°(1, A) with %(0) = y(a'), ¥(1) = y(a?) and ¥ simple.
Since ANT;; = 0, ¥() U T, can be re-parameterized
with a simple closed curve (see Figure 5). This curve,
by the Jordan Curve Theorem, forms a bounded set D,
where ¢(t;) € D by construction. Condition (ii) and (iii)
of Definition 3 along with the decoupling of the dynamics
imply that ¢([t;,c0]) N A = 0 and ¢([t;,c0]) N D # 0.
Since ¥ C A, we have that ¢([t;, 0]) N5 # 0. Therefore,
1Ry, %, (u,8)) N y() # 0.

WeB17.5

o (ta,y, (W dL)) .
.7
/"" 7(1)

(o) $1° (T, B, (u,61))

1,2 u,dr 'I/ O
¢r*(0, 71, , (w, 81); v(@)

1 Ve
/ v(eh)
! _e—
! — = 7 #%(t,z, (u,81))

#On@I) T 430,11, (u, 1))

I
40, H% A0s

Fig. 6.

, (1,8.))
Geometry of ¢} (t,x, (w,8.)) and ¢} (., (w,8.)).

The arguments for Case I and Case III follow in a similar
manner, see Figure 5.

Therefore, we have shown for each case ¢i’2(R+, x, (u,9)N
y(I) # 0, completing the proof. |

Proposition 1 states that the flow ¢ generated from the
initial condition x and input u and disturbance 6 can avoid
an o.p.c. path y in the (x%,x%) subspace if and only if the
trajectory of ¢}’2 lies above vy or if the trajectory of q}}’z lies
below y. Another intermediate result is needed before stating
the proof of Lemma 1.

Proposition 2: Consider X'Z2, x = (%) e
X,u € S and y € C°I,R* opc. with x} <
max T1(y(D)). If ¢ 2Ry, x, (u, S(A))) N y(I) = 0, then either
¢y 7Ry, x, (u,8.)) x y(I) or ¢, (R, x, (W, 61)) 3 y(D).

Proof: Follows directly from the order preserving
property with respect to input and the decoupling of the
dynamics.

|

Proposition 2 states that the flow ¢ generated from the
initial condition x and input u can avoid an o.p.c. path y in
the (x!, x?) subspace if and only if the trajectory of ¢ lies
above vy or if the trajectory of ¢}’2 lies below .

Proof: (Lemma 1) (<) Follows from the definition of
the < relation.

(=) Suppose {$1(R+, A, (u,6.)) z y) or
¢°(R+, A, (0,85)) < y(I)} does not hold. Then there
must exist x,y € A, a',e? € I, and t;,t, > 0 such that
%01, %, (u,61)) 3 y(@") and ¢12(62,, (0, 6x)) % y(a?). We
assume that ¢:’2(R+, x,(u,d8)) 3 y(), otherwise Proposition
I implies that ¢*(R4,x,(w,8,)) N y(I) # 0. Likewise, we
assume that ¢}’2(R+,y, (w,61)) = y(I). Figure 6 shows the
resulting geometry of the flow. Let @ € I be such that
T1(y(I)) < 11(y(@)). Condition (iii) of Definition 3 along
with (a) leads to ¢%(0, x,(u,87)) < (b}(z‘l,x, (u,61)) < y1(@)
and ¢>}(0,y, (u,d8y)) < q)}(tz,y,(u,(&)) < v1(@). Consider
H := co({x,y}) € A, since convexity is preserved under
projection [3], condition (iii) of Definition 3 implies there
is T > 0 such that

$1(0, H, (u,6,)) < {y1(@)} < ¢1(T, H, (u,6.)). ®)

We seek to show that y(@) € ¢,([0,T], H, (u,d.)). Define
K :=[0,T] xH c R, xR* and let ® : K — R? be the
map defined by O(t,z) := q)}’z(t, z,(u,dy)) for (t,z) € K. We
proceed by breaking this proof into three steps: (i) Construct
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from ® a map ¢ : S! — S'; (ii) Show that the degree of
¥ is nonzero; (iii) Show that the degree of i being nonzero
implies that y(@) € O(K).

(i) Denote the four corners of 0K : h; = (0,x), hy, =
(T,x), hy = (T,y), hy = (0,y). Define the sets A; :=
co({hy, ha}) Uco({hy, hs}) and Ay := co({h3, ha}) Uco({hs, hi}).
Consider the standard covering map of S' p : R — S!, in
which p(z) := (cos(2nz), sin(2nz)). Define the homeomor-
phism f : D' — K, such that f(p(0)) = hy, f(p(.25)) =
hy, f(p(.5)) = h3, and f(p(.75)) = hy. Since O is a
continuous function, we have that ®(9K) defines a closed
curve. Assume that y(@) ¢ @(AK) and let g : R*\y(a) — S'
be the continuous map defined by

2= y(@)
SO @
Define ¢ € CO(S!, S") as y(x) := (go Do f)(x) for all x € S!
(see Figure 7).

(ii) To compute the degree of ¥, we consider the lift i :
I — R where poi = yro p (see Figure 8(a)). The degree of i
is defined as deg ¢ := /(1) — (0) (see [12] for details). We
introduce the sets S} := p([0,.25]), S}, := p([.25,.5]),S},, :=
p([.5,.75]), S}V := p([.75,1]) (see Figure 8(b)). Let y; :=
¥(0) and note that p(u;) = ¥ (p(0)) = g(O(h;)), which must
be in S}”, since ®(h;) < y(@). Let pr = §(.5) and note that
p(o) = Y(p(.5)) = g(®(hs3)). From (8) and condition (iii)
of Definition 3, we have that y(@) < O(h3). This inequality
along with the definition of g imply that g(®(h3)) € S}. As
a consequence, we have p(up) € S}, implying that p; # .

Finally, let (1) = u3. We can show without much
difficulty that yu; < up, < us. As a consequence, deg ¥ =
¥(1) = §(0) = 3 — pay # 0.

(iii) Now suppose we extend the map ¢ to ¢ € CO(D', S"),
where ¥(x) := (g © ® o f)(x) for all x € D'. By Lemma
3.5.7 in [12], if a continuous function » : S' — §!

vz € R\y(a). 9)

WeB17.5

extends to a continuous function H : D! — S!, then deg
h must be zero. However, we found the degree of ¢ to
be non-zero, implying that  cannot extend to . Since
O(f(D")) is well defined, we must have that g(®(f(D")))
is undefined. Since g(z) is defined for all z € R*\y(@),
we must have that y(@) € O(f(D)). This implies that
¥(@) € O(K) = ¢,(10,T1, H, (u,8.)) C ¢;*(Ry, A, (u, S (A)).
Therefore, ¢;(R., A, (u, S (A))) N y(I) # 0

| |
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