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Abstract— This paper addresses the safety control problem
for a class of block triangular order preserving hybrid au-
tomata. In particular, the partial order structure of the system is
exploited to obtain two main contributions. First, conditions are
provided for the termination of the proposed algorithm. Second,
the control algorithm has linear complexity in the number of
variables.

I. INTRODUCTION

The problem addressed in this paper is the control of the
parallel composition of a class of hybrid automata (triangular
order preserving hybrid automata) under safety specifica-
tions. Motivating applications both for the model and for
the problem considered include multi-agent hybrid systems
such as intelligent transportation systems and railway control
systems. In these systems, each agent (a vehicle) can be
modeled as a hybrid automaton, in which the continuous state
dynamics has triangular structure and models the physical
motion of the agent. The discrete state can model a control
mode in which the agent can be (turning, accelerating,
run-out, etc.) or it can model input and state constraints.
The entire system is given as the parallel composition of
the component systems modeling the agents. In particular,
one problem for which automated solutions are sought (
[1], [2]) is the collision prediction and avoidance at traffic
intersections and at railway mergings.

The control problem under safety specifications can be
addressed by computing the set of states that lead to an
unsafe configuration independently of an input choice (called
the backward reachable set [3], [4] or the uncontrollable pre-
decessor [5] of an unsafe set). Then, a feedback is computed
that guarantees that the state never enters such a set [6], [7].
As it appears from these previous works, there are two main
difficulties in solving this problem: Complexity and lack of
termination guarantees. There is a large body of literature
about safety control design and the list here provided is
not exhaustive. The reachability and backward reachability
problem is undecidable even for simple subclasses of hybrid
automata [8]. For classes of hybrid automata for which
the continuous dynamics reachable set can be computed,
computational constraints usually limit the system to four or
five continuous variables and to two or three discrete states.
Furthermore, the proposed algorithms are not guaranteed
to terminate [3], [6]. To reduce the computational load,
approximate algorithms have been proposed to compute an
over-approximation of the backward reachable set of the
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unsafe set [9]-[11]. However, the obtained algorithms only
provide semi-decision procedures as they are not guaranteed
to terminate.

In this paper, we propose a solution to the safety con-
trol problem, which exploits the triangular order preserving
structure of the system dynamics to address complexity and
termination issues. In particular, our solution also relies on
the approximated computation of the set of states that lead
to a bad state independently of the input, here called “the
escape set”. In contrast to previous work, however, our
algorithm is guaranteed to terminate while being provably
correct. Furthermore its complexity is linear in the number
of continuous and discrete variables as opposed to being
exponential as it occurs with algorithms that consider general
classes of hybrid systems [4]. An explicit expression of
the resulting feedback controller is provided. Two simple
application examples involving conflict avoidance at a traffic
intersection and at a railway merging are proposed. These
examples serve two main purposes. On the one hand, they
illustrate that practically relevant situations may be treated
with this approach. On the other hand, they show that the
control law is not conservative, even if it has been computed
on the basis of an over-approximation of the escape set.

This paper is organized as follows. In Section II, we
introduce basic notions. In section III, we introduce the block
triangular order preserving hybrid automaton model. For this
class of systems, we compute in Section IV the escape set
approximation and the resulting control algorithm. Finally,
we show two application examples in Section V.

II. TRANSITION SYSTEMS, PARTIAL ORDERS, AND
ESCAPE SETS

A partial order [12] is a set P with a partial order relation
“<”, and we denote it by the pair (P, <). For all x,w € P,
the sup{x,w}, denoted x v w, is the smallest element that
is larger than both x and w. The inf{x, w}, denoted x A w,
is the largest element that is smaller than both x and w. If
ScP VS  =sup Sand AS :=inf S. If xAweX
and x v w € X for all x,w € X, then (X, <) is a lattice. Any
interval sublattice of (P, <) is given by [L, U] ={we P|L<
w < U} for L,U € P. That is, this special sublattice can
be represented by only two elements. Let (P, <) and (Q, <)
be partially ordered sets. A map f : P — Q is (i) an order
preserving map (order reversing map) if x <w = f(x) <
fw) (x <w = f(x) = f(w)); (i) an order isomorphism
if x<w & f(x) < f(w) and it maps P onto Q; (iii) order

continuous if f(\/S) = V f(S) and f(AS) = A f(S) for
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S € P. An order isomorphism is always order continuous. A
particular partial order that we will consider in the sequel,
is the power set of a set S, that is, the set of all subsets of
S, denoted 2%, ordered according to inclusion relation. This
partial order will be denoted by (25, C). In this partial order,
the supremum operators (v and \/) are given by set union
U and the infimum operators (A and A) are given by set
intersection N. For a map f : P — P with (P, <) a partial
order, we call fix-point an element x € P such that f(x) = x.
The least fix-point of f is denoted by Ifp(f) and the greatest
fix-point is denoted by gfp(f).

We introduce the escape set for the general modeling
formalism of transition systems (see [5], for example) as the
notion of escape set is independent on whether the system
has continuous or discrete variables. We denote a transition
system by the tuple X = (S, 7, 7), in which § is a (possibly
infinite) set of states, J is a set of inputs, and 7 : SX7 — S is
a transition map. We denote a state by s € S and an input by
u € 7. An execution of X is an infinite sequence {s* ke such
that s**! = 7(s*, u¥) for u* € 7. An infinite input sequence is
denoted by {"}ren. Let B C S be a set of bad states and let
us assume that once a state is in B, it cannot recover from B,
that is, s € B= 7(s,u) = s, Yu € 1. For all n > 0 we define
7'(s, {u¥}i<,) by the following relations 7°(s, u®) := s ¥V u® €
I, 7(s, (' hsn) = 70" (5, {Yknn), ).

Definition 1: We call escape set the set of states for
which all possible input sequences will lead to a bad set
B C S in finite time. It is characterized by E = (s €
S |V {t*}ier A N such that (s, {u*}i<y) € B).

Problem 1: The safety control problem for system X =

(S, 7Z,7) with bad set B, is the one of designing a feedback
law u = g(s) such that for all executions { Y et starting with
sV ¢ E, we have that s* ¢ E for all k.
Let us denote the set valued map 7 S — 25 by
7(s) = 7(5,7) = Uuer 7(s,u) and by 7'(s) := 7"(s,7) =
(t" (s, I), ) with T(s) := s for all s € S. Since once
a state is in B it cannot recover from B, it is the case that
s € E if and only if there is a finite N such that V(s) C B (if
such N did not exist, we would have had one infinite input
sequence {u* )i such that (s, {u*}i<,) ¢ B for all n, which
means by Definition 1 that s cannot be in E). We can thus
re-define the set E as

E={seS |3N < such that 7¥(s) C B}, (1)
and we introduce the notation
pre(")(B) :={s €S | T"(s) C B} 2)

to denote the set of states s that reach the bad set B in at
most n steps. The following theorem provides a mathematical
characterization of the escape set and a tool to compute it.
Theorem 1: The map pre(T) that attaches to the bad set
B C S the set pre(T)(B) € S as defined in equation (2) with
n = 1 is order preserving with respect to partial order (25, C).
Furthermore, the set E of equation (1) is characterized by

E = \/ pre(@)(B) = lfp(F), (3)

n=0
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in which F(a) := BY pre(7)(a) fora C S.
This theorem can be proved similarly to Theorem 10-7 in
[13]. One can also verify that

0 k—1
E= U E*, with EF = pre(‘?)(U E), and E° = B.  (4)
k=0 i=0

There are two major difficulties in the computation of the
set E for infinite state systems: (a) the representation of EX
(if computable) may grow in complexity even exponentially
with k; (b) iteration (4) even if converging by virtue of
Theorem 1, might not converge in a finite number of steps.
If the sets EX are not computable, the problem is said to be
undecidable. If instead the sets EX can be algorithmically
computed, but the above iteration is not guaranteed to
terminate, the problem is said to be semi-decidable.

In this paper, we provide a solution to Problem 1 for a
class of block triangular hybrid automata, which also uses an
over-approximation E in place of the escape set E. In contrast
to previous work, our algorithm is guaranteed to terminate
while being provably correct. The computational complexity
of the proposed decision procedure is linear in the number
of variables. The main structural conditions on the system
are: (1) it is the parallel composition of hybrid automata
with upper triangular structure and with order preserving
dynamics; (2) the continuous input and the mode of each
composing system enters only the last one of the continuous
state variable updates; (3) the discrete mode update map has
no memory of the previous mode.

III. HYBRID AUTOMATON MODEL

We start by defining the discrete time hybrid automaton
in a way analogous to the continuous time counterpart [3].

Definition 2: A discrete time hybrid automaton is a tuple
H=(0,X,1,t,f,Dom,R), in which Q = {qi, ...,qm} 1S a set
of discrete states (or modes); X = R” is the set of continuous
states; 7 = Ip X I, is the set of discrete and continuous
inputs, respectively; ¢ : Q — 27 is a function that attached to
each discrete state the set of enabled inputs; f : OXXXJ¢c —
X is the continuous state update function; Dom : Q — 2X is a
map that for each mode establishes the domain in X in which
such mode holds; R: O X X X I'p — Q is the discrete state
update map, which for any current discrete state, continuous
state, and input determines the new discrete state.

We denote by g € O the mode, by x € X the continuous
state, by u € 7 the continuous inputs, and by o € 7p the
discrete input. We assume that R is static, that is, it does not
contain memory of previous discrete states. Thus, we have
that ¢ = R(x,0). We make an explicit distinction between
two types of modes: the modes g such that Dom(q) = R”
and the modes g such that Dom(q) # R”. In particular, we
assume that a transition to a mode with Dom(q) = R” can
happen only by a suitable choice of discrete input o € I p,
while a transition to a mode with Dom(q) # R? can happen
only autonomously and thus cannot be controlled. This is
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formalized by the following structure of R:

Rix.0) = {R(a’) %f o#0 )
R(x) ifo=0,
in which we define R(x) := g if x € Dom(q). One can verify
that this update is deterministic if Dom(q,) N Dom(qz) =
0 whenever Dom(q;) # R? and Dom(q,) # R”. Also, we
assume that for any mode with Dom(q) = R”, there exists a
discrete input o € Ip such that ¢ = R(0"). The non-blocking
condition can be guaranteed if |, | pom(g)zrr Dom(q) = RP. In
the sequel, we use the notation Q := {g € Q | Dom(q) # RP}.
Hybrid automaton H corresponds to the transition system
Xy = (S,7,7), in which § = X, 7 = Ip X I¢. An input
i€ 7 is apair it = (u,0), in which u € 7¢ and o € Ip. The
transition map is given by 7(x,u) := f(R(x,0),x,u) with
q = R(x,0) and u € u«(q). Thus, given a set of bad states
B C X, the safety control problem (Problem 1) is the one
of establishing a pair of feedback maps u = gc(x,q) and
o = gp(x) such that the state X along any execution (e
of T is outside the escape set E in equation (4) if x° ¢ E.
From expression (4), it appears that we need to compute the
set pre(T)(P) for a set P C X to obtain the escape set. We
thus explicitly write the form of pre(T)(P) for the transition
system Xy. For a set P C X the set pre(T)(P) defined in (2)
with n = 1 takes the form pre(T)(P) = {x € R” | f(q,x,u) €
P with ¢ = R(x,0),Y o € Ip, ¥ u € «q)}, which is
equivalent to

pre@(P) = _J(x| f(g.x.w) € P, ¥ u e ug))
0

(6)

nDom(q)) N ﬂ x| f(q, x,u) € P, ¥ u € u(q)).

q| Dom(g)=R»

A guaranteed over-approximation of this set can be efficiently
computed if the function f is triangular and order preserving
as we show in the next section.

A. Block triangular order preserving hybrid automata

Definition 3: A triangular order preserving hybrid au-
tomaton is a hybrid automaton H = (Q, X, Z,¢, f, Dom,R), in
which

(i) The update map f(q,x,u) for every mode g and
x = (x1,....,x,) € R" has the following triangular structure
(g, x, 1) = ([1(X1y oo X))y eons [i(Xiy ooy Xi)y ooes fr(Xns @, 1)), 10
which f; : R"D s Rforie{l,...,n=1}, f, : RxOxT¢c —
R with 7¢ =R, and Dom(q) C R".

(il) We consider the component-wise partial ordering on
R", and the usual order on R. We assume that the set of
discrete states with Dom(g) = R”" is a lattice with minimum
a and with maximum g, that is, {g € Q | Dom(q) = R"} =
[a,B]. For all g € Q, we assume that «(q) is an interval in
R, that is, «(q) = [ur(q), uy(g)]. Also, the functions u(-) and
uy(-) are order preserving for g with Dom(q) = R".

(iii)) We assume that f; is order preserving in all its argu-
ments, that is if (x4, ...,x%) < (x2,...,x%) then fi(x4, ...,x%) <
fixb, ., xb) for i < n, and f(x%, q,u) < f,(x4, q,u). Also,
Jn @ Oligeo | Dom(g)=rry X R X T — R is order preserving in
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all its arguments. Additionally, f; is one-one and onto in Xx;,
that is, fixed xjy1, .., X,, ¢, u, for any x] there is one and only
one x; such that fi(x;,...,x,) = x] if i <n or fi(x;,q,u) = x;
if i = n. We denote the first one by fl.’l(x;,x,-ﬁ,...,x,,) and
the second one by f7!(x], g, u).

(iv) The maps f; are non-decreasing: f(x;, ..., X,) > x;, for

i<nand f,(x,,q,uy(q) > x, for all q.
A partial order preserving update map corresponds to a
monotone continuous time dynamical system [14]. The ex-
tensive studies on monotone systems have been in part
motivated by the fact that they can model competitive and
cooperative systems. The continuous input is allowed to
enter only the update map for x, as it occurs in feedback
linearized systems. The parallel composition of a number
of triangular order preserving hybrid automata generates a
block-triangular order preserving hybrid automaton. This is
made more precise by defining the parallel composition of
hybrid automata in a way similar to [15].

Definition 4: Let Hl = (Ql,Xl,Il,Ll,fl,Doml,Rl) and
Hy = (02,X3,15,1, fo, Domy, Ry) be two hybrid automata.
The parallel composition, denoted H = H,||H,, is given by
H=(0,X,1,.,f,Dom,R), in which Q = Q; X 0», X = X; X
X5, T =TcxIpwith I¢ :IC,IXIC,Z and Jp ZIDJXIDQ;
t:0Q - Icisgivenby t = (t,0); f: OXXXTe = X
is given by f = (fi, f2); Dom(q) = Dom;(q1) X Domy(q»);
R(x,0) = (Ri(x1,01), R2(x2,02)).

Definition 5: A block triangular order preserving hybrid

automaton is the parallel composition of N triangular order
preserving hybrid automata Hy, ..., Hy.
Let x; = (xl,i, ...,xn,,») e R", qi € Q;, u; € L(qi), g; €
Ip,; represent the continuous state, the discrete state, the
continuous input, and the discrete input of the triangular
hybrid automaton H;, respectively. Then, in each mode g =
(q1,---»gn) of the hybrid automaton H = H\||...||[Hy, the
continuous state update map has the following form

J

)iji = fj,,-(xjy,-, ...,Xn!,'), ] <nie {1, ,N}
xl,l,i = f;ui(xn,i, Qi, ui)’ l € {1’ ey N}’ (7)

in which primed variables denote updated variables.
For this system, we model the safety requirement by
requesting that the state x never enter the bad set

B =

B =

{115 ees X Ty woes XL Ns oo XnN) | (X114 ooy X18) € BY,
[LI,UI] X...X[LN, UN], with L, U; eR. (8)

This choice of the bad set to involve only the variables
(x1.1,...,x15) is motivated by the applications that we are
targeting (see Section V).

IV. CONTROL DESIGN

In this section, we construct the control map by
computing an approximation E of the escape set E.
We show that E C E by showing that if the state is
in E then a control input exists that maps the state
outside E. Let B be as given in equations (8). Denote
Fi(xX2,is s Xnin @is ) := (fi(X2,0s es Xni)s woos frni(Xons Gy i)
and  FNX,qiu) = F(F'(X,qiu),qi,u), with
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(X34, ..s Xn;). Then we have that E =

{015 s X1y s XU N s X)L (1 1i8) € EX()),
in which E*(x) is given by the following algorithm.

X; =

Algorithm 1.

E'x) = U lLh oM, L =L, 0" = U [F =
(L5, ... LX), U* = (O, ..., O%) with
Lix) = fij).x)
Ulx) = fij (U %),
while for k > 1, we have
Li(x) = LY(x) v LY (%) ©)
L) = N\ A FGE g ug), %) (10)
qiEQ_i
LP(x) = fi (L (Fi&, @i ur()), ) (11)
UK®) = UM A UP(E) (12)
Uty =\ ANOE FE g o) B (13)
4i€0;
U'E) = f (O FiE B uu(B)), %) (14)

with (removing the dependence on %; for shortness of nota-
tion)
LF = inf(Lf, LK
sup(U¥, L&=1), if 3 j such that Uj? > I:’;‘l
Uy, ifUy <V,

with k* the smallest k£ such that

5)

U*

1

(16)

Uf < L{~' Viand 3 j such that U%*' < L5+,

For a fixed x, the set E*(x) is the union of k* rectangles
in RY. The expressions (9) and (12) of the extremes of such
rectangles depend on the values of the variables (xy, ..., Xp.;)-
For computation, one can off-line symbolically compute the
iterative expressions (9) and (12) and evaluate them only
when the value of (xz,...,x,;) becomes available on-line.
The set E is obtained by computing at each iteration (n—1)N
computations for computing f;; for j > 1 and for i € [2, N].
This procedure has thus linear complexity with the number
of continuous variables. To prove termination, we make
the following assumptions, which can be statically checked.
First, define the following notation for y € R and z; € R
for je N

¢i(y, 20)

O, 2kt n20) 1=

fl_,il(y’ ZO)
@ 0zt e zi)i20). (17)

Assumption 1: Let y;,y2,y3,y4 € R' with y; —
Y2 < y3 — ya. Then, we have that f'(yi,x5,,...x}) -
F 02 e xB) < £ 0 x )= £ 0 2B 2B,
for all (x‘;i, ...,xﬁ’i),(xgi, ...,xﬁi) e R+!

Assumption 2: Let y;,y, € R" with y, > y;, and
let (x) ..,xﬁ’i) > (xgi,...,xr’ii). Then ffl(y%x?,p---’xﬁ,i) -

2,i"
ST 008 X8 ) < y2 =y

Assumption 3: For all i, /\qiEQi JniCnis qisuv(g)) >
V gico; JniCni> @i ur(qi))-

ThPI27.2

Assumption 4: Let

Tktl—-1 = F,{lil(F,]'(()_Ci,,Bi, uy(B), i, ur(a;))

Zktl—2 = F,{liz(F,]'(()_Ci,,Bi, uy(B), i, ur(a;))

et = FEEL B uu(B)

2 = Fi(%, B, uu(B))
20 = X
_ k+lzfl =
Wir,-1 = F; (Xi, aj, ur(@;))
k=2, =
Wiib—2 = F (% @i, up(ay)
wo = X,

then we assume that for all y € R the sequence
{13, 2kt =1 02 20) = B Wit y—1, s WO is1 1S strictly
decreasing for all /;,/; > 0. Let now re-define the z; and
the w; by replacing B by ¢ and @; by ¢®. Then, we as-
sume that the sequence {\/q?EQ'i /\qf‘EQi PFrh Vs Tty =15 -5 20) =
/\qﬁseQ-‘ PGBy, Witl,—15 ---» Wo) Ji>1 18 also strictly decreasing
for all /;,1, > O.
The meaning of Assumption 3 and 4 is basically that the
difference between the maximum and minimum control
actions applicable is enough to shrink (through backward
iteration) an initial set in the state space. Since Algorithm 1
terminates when U;‘ < Z{."l for all i and there is a j such
that Uj?“ < I:’;”, we will show that Assumptions 1, 2, and 3
guarantee that for all i there is a k such that U lk < Z{."l. Then,
Assumption 4 will be used to show that when U < L' for
all i, there is a step [ at which U%! < L*! for some j.
Proposition 1: Under Assumptions 1, 2, 3, and assuming
U¥(%;) = UK(x;) for all k, then there is k such that US(x,) <
LX(x;) for all X; and all .

Proof: If both controlled and autonomous switches are
present, we have that [LX(%), UN(Z)] C [LY“(%), UF“(%)] in
which Lf."“ and Uf’“ are computed by Algorithm 1 assuming
that only autonomous switches are present ({g; | Dom;(g;) =
R"} = 0), that is, L := —co and UM’ := oo for all k.
This is true because, the sets [Z{.‘,U?‘] are computed by
intersecting [Zf.‘"’,U;‘"’] with [Zf."b, U;"é] for all k. If only
controlled switches are present (Q; = 0), then we have
that [LX(%), UK&)] = [LY(%), UF"(%)]. Hence, to show that
there is a k such that U¥(¥;) < L¥(X;), it is enough to show that
UM -1 < U~ L¥ when either only autonomous switches
are present (setting Lf‘b := —oo and Uf‘b := oo for all k in
Algorithm 1) or when only controlled switches are present
(setting Lf‘b := —oco and U;“b := oo for all k in Algorithm 1).
We consider here the case in which Lf’b := —oo and Uf‘b 1= o0
for all k in Algorithm 1, as the other case can be treated in
a similar way.

If L'(x;) = L¥(X,) (see equation (15)), we immediately
have that UF'(x) — L¥'(x) < UN&) — L¥(%;) because
the sequence {U;‘}bo is strictly decreasing. This can be
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shown by showing that \/,cg, flfil(Uf(F[()"ci,q[, uy(gy)), xi) <
U{‘()‘c,-). By the non-decreasing property of f,;, we obtain
that f,;(xn.i, qi» uv(qi)) > xn; for all g;. As a consequence,
one can infer that U{‘(Fi()?[, qi, uy(qi)) < U{‘()"ci) for all
q; (this derives from the fact that the functions U;‘(-)
are order reversing function of their arguments). By the
fact that fi;(x1,...,x,;) = x;; and that f;; is an order
isomorphism in the first argument, we have the follow-
ing set of inequalities: \/%EQ-Z flfil(U{‘(F[()"ci,qi,uU(qi)),)"ci) <
V gea UNFi(Xi, qi,uu(g)) < US(X;), which give the desired
result.

If IMY(x) = L¥*'(%) (see equation (15)), it is enough
to show that U;‘“()"ci) - Lf*l()"c[) < U;‘()"ci) - Lf.‘()?i) because
Uk(x) — LE(x) < UKx;) — LE(%) by the fact that L¥(x) <
Lf()‘cl-) (see equation (15)). We thus need to show that

\/ Sl O5FE, g (@), %)—
4i€0;
N AT FG i ua(gid), ) <
4i€Q;
\/ A O Fi, ginuv(q)). 5i)-
4i€0;
N il T F G i @), 5.

4i€0;

(18)

Since f il is an order isomorphism in its first argument,
then we also have that VS, x) = V fi(S,x) and
f;il(/\ S,x)=A fl‘f (S, x) forall S CR. As a eonsequence,
we can use Assumption 1 to infer that relation (18) holds if

\/ UKFE, i uo@) = N\ LEF(E i un(gn) <

9i€Qi 4i€0;
\/ U FiE giuvta) = N\ L (il g un(a))).
4:€0; 4:€0;

19)

Then, we have that relation (19) is holding if (proceeding
iteratively)

WP\ i g uua)-
4i€0;
~170 kiw ' 0_ 710
Jii (L F(Xi, qi,ur(g) < U; — L;.
4i€0;

(20)

By virtue of Assumption 3 and by virtue of the fact
that F;‘ is continuous and a composition of order pre-
serving functions, we obtain that A, <o, Fl’,‘()‘c,-, qi,uy(q) >
Vgeo, F {‘()‘c,-, qi,ur(g;)). As a consequence, relation (20) holds
by virtue of Assumption 2. |

Theorem 2: (Termination) Under Assumptions 1, 2, 3,
and 4, Algorithm 1 terminates, that is, k* is finite.

Proof: We omit the dependencies on (xy, ..., X,;) to
simplify notation. The proof is composed of two main steps:
(1) we show that there is a k < co such that U < L¥!, UF <
L} for all k > k and for all i (thus the update rule becomes
the second one of (16)); (2) we show that if U¥ < L' for
all i and all k > k, then there is a finite k* > k such that
U < L¥ for some i.
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(1) We show that there is a k < oo such that U} < L¥!
for some arbitrary i. Assume that U¥ > L¥~!, then Uk Uk
By Proposition 1, we have that there must be ak; such that
Uf’ < I:f.“fl because this must be the case at least for that k;
such that U < L. If UY < L}, since L < L™ by virtue
of equation (9), we also have that Uf’ < l_,f’_l. Thus, we have
shown that for all i there is a k; such that Uf’ < Zf’fl. Next,
we show that if it is the case that U;" < Zf.‘i_l, then it is also
the case that U¥ < L' for all k > k;. This follows directly
from the order isomorphism property of f;; and from the
fact that (by equations (16) we have U" L" I, Since this
is true for all i, we can say that there is a k = max;(k;) such
that for all k > k we have that U* < L¥! for all i.

(2) Let then k be the smallest k for which Uf < L¥!
for all i Set k = k + j, then we have LK) =
(LY, FEN (o g, un (@), e, F(R i, ur(ay)), %),
in which [; 2 0. We have that /; can be larger than zero by
virtue of equations (15). Similarly, we have that

UK&) = g1 L0, FE22(F (R, By uo (B), i (),
ey F(X.i’ﬁi’ MU(ﬂi))’ X.i)),

by virtue of the first of (16), in which [ < [;. If instead,
the first of (16) was never verified for k < k, we could use
again Proposition 1 for showing that after some k > k we
have that U*(x;) < L*(%;). By virtue of Assumption 4, the
sequence {U} "/ — Lf” }iso is strictly decreasmg Thus, for all
i there is a finite k; such that Uk < L . Let k* = min; (k).

]

We next show that £ 2 E by showing that for all x ¢ E,
there is always an input such that x is mapped outside £. We
show this in two parts. First, we demonstrate that whenever
x ¢ E (and thus (x11, ..., x1.n) ¢ E*(x) € RY) there is a two-
dimensional projection of E*(x) € RY and of (xi.1,..., X.n)
along coordinate axis (i, j) in RY, such that (x1,i, X1,7), 1S not
contained in (Jj_o[L¥(%), OFGE)IXILE(R)), U%(x))]. Secondly,
we consider the two-dimensional projection of E*(x) and
of (x11,....Xx15) to compute an input that maps the two-
dimensional projection of (xyi,...,x;x) outside the two-
dimensional projection of £*(x).

Proposition 2: If (x;,..,x;5) € FE*(x), then there
is a pair of coordinates (i,j) such that (xi;x;;) ¢
[Z{.‘(fc,»), l_]{‘(fc,»)] X [i’;()‘cj), l_]’;()‘cj)] for all k.

Proof- We omit here the dependence of E*, of Lk,
and of U* on x. If (x1,...x;5) ¢ E*, then it means that
(x1.15 ..., X15) 1s not in any of the component rectangles of
E*, that is, (x1,....x1y) & [LY, OF] x ... x [LY, O%] for all
k. Thus, for all k there is at least one i; such that either (a)
X1, < Z{.‘k or (b) xi; > l7i"k. Let k be the smallest integer
less or equal to k* such that there is a iy with x;; > Ui’i.
If it does not exist, it means that there is iy such that
x1;. < L . Therefore, independently of the component i
we will have that (xy;, x1;.) ¢ [LF, U] x [[_‘ﬁ*’ Ul.’;] for all
k because l_/‘* < Z" for all k < k* by construction. If it
exists, it means that X1 > Uk and that there is a i;_;

such that xj L{‘k ]1 As a consequence we have that
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L> Uk and therefore x,, ¢ [L/ ]
k). Also we have that x,_, Llj‘ g

=1
and therefore x,; , ¢ L/

X1, > U{i > UITI > .
for all j € {k,...
L?<.. <L)
J ‘e {0,... k — 1} Thus, one can conclude lkfhat tlﬁe pair of
coordinates (xy;,, X1,,_,) & [L U’]x [Lljk - U/ Jforall j. m
Propos1t10n 3: Let L"(x,) and U (X;) be as in Algorithm
LIf X < Ll (%), (x1; > Ulk(x,)) then there exists a contin-
uous/discrete control law (o, u;) such that x’u < Zf.“l(fcl'.)
(x’l,i > U{"l()‘cl’.)). In particular, such control laws are as
follows:

U’ 1 for all

if x;; < LF(%), then

Ri(o) = ey w; = ug(ey) if LY(%) < LY (%) @1
Ri(x) = qi, ui = ur(q)  if LY(%) > LY (%)

if x> U (%),
Ri(o) =B, wi = uy(B) if UP“(%) > UP" (%)
Rix) = gy = g it US(x) < UF() >
Proof: In the case in which x; < LK(%) and
LY(%) > LY(x), we will have that xi; < LY“(%).
Applying fi; both sides and taking into account that fi;
preserves the ordering, we obtain that fj;(xy;,....,x,;) <
fly,-(Lf’”()'c,-),)‘c,-). By equation (10) and by the order isomor-
phism property of fi; in its first argument, we have that
flz(L (%), -xl) = /\q/eQ/ - (F (Xi> qi> ur(qi))). Also, we have
that A, cg, L5 (Fi(Ei, gir ur(@:)) < LN (FiE, g5, ur(gi))). As
a consequence if we choose the control action such that
gi = Ri(x;) and u; = ur(q;), we obtain that Fi(X;, gi, ur(q:)) =
(x’2,i,...,x,’1yi) = X, and therefore that x’l’i = f1i(X 1y s X)) <
LN @), T LY(%) < LFP(%). We can proceed similarly
to obtain that x;; < Lf’b(fci) implies by the order preserv-
ing property of fi; that fi(xXis X)) < fLiLI7(%),%).
By equation (11), we also have that fl,i(Lf‘b()"ci),)"ci) =
LY (Fi(%;, @i, ur(@))), which by choosing Ri(o) = a; and

ui = ur(e;) is equal to Z{."l(xéyi,...,x”l’i) = LF'(X). As a
consequence, we have again that x’u = f1i(X1s s X)) <
Z{."l(x’z’i,...,x;l!i) = L[F'(x). If xi; > UXX), the proof
proceeds in a similar way. |

When the measurement x becomes available, the extremes
L¥(%;) and U¥(x;) can be evaluated. Then, one checks whether
maintaining the current input will cause that (x] ..., x] y)
will enter any of the intervals [LX(X)), UN(X)] x ... x
(LK (%)), UX(x,)] for all k. If not, the input is maintained
constant. Otherwise, the input is changed according to the
following algorithm.

Algorithm 2.

(1) If there is a k € [0,k*] and a pair of coordinates (i, j)
such that x;; > U*" and x; ; < Z’; then set (R;(x;, 077, u;)
as in equation (22) with k + 1 in place of k, and set
(Rj(xj,0),u;) as in equation (21);

(i) If instead (xyp,...xn1) < (LK (R, ..., LK (xN)) select
(i, j) such that x;; < L (%) and X, < L (xj) with
043 “(x‘) < Lk +l()c]) If X1, > Lk +l()c]) then (x1,; >
Uj*“()"cj)) set (Rj(xj, o), u;j) as in equation (22) and
set (Ri(x;, o), u;) as in equation (21). If x; ; < L’fj;fl, set
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(R(xj,0),u;) as in equation (21) and set (R;(x;, o), u;)
arbitrarily (if R;(x;, ;) = R;(x;), then set u; € t;(g;)).
Theorem 3: (Correctness) There exists a continuous con-

trol law u = gc(x,q) and a switching law o = gp(x)
with ¢ = R(x,0) such that if x ¢ E with £ =
{gxl,l, ey X1y ey XIN5 ooes xn,N) | (xl,l, ceey xl,N)_E E*(X)} and
E*(x) as computed by Algorithm 1, then x” ¢ E. In particular,
Algorithm 2 provides one such control law.
The proof of this theorem is a direct consequence of Propo-
sition 2 and of Proposition 3.

V. EXAMPLES

Example 1: Vehicles at a traffic intersection. Let us
consider two vehicles converging to a traffic intersection
(represented in Figure 1). The vehicle’s physical motion can

V1
FEto=l

Fig. 1. Two vehicles converging at a traffic intersection. The bad
set is defined to be the set of all vehicle 1/vehicle 2 configurations
in which the vehicles are both closer than some distance d from
the intersection C of their paths.

be modeled by considering its longitudinal dynamics along
its geometric path (determined by the geometry of the lanes)
following a similar modeling framework as performed in [3].
Let then y; and y, denote the position of the two vehicles
along their path with respect to some fixed reference point.
Let v; and v, be the velocities of the two cars along their
paths. We assume that each vehicle dynamics along its path
can be modeled by a second order system, which in discrete
time takes the form:

yi=yi +vi(AT), vi = v; + w;(AT),i € {1,2}, (23)

in which AT is the time interval. The controller u; can
directly affect the acceleration by acting on the throttle pedal
or on the brake. When a vehicle is inside the intersection,
it cannot stop as it has to free the intersection as soon as
possible, while it can stop before entering the intersection. In
addition, a vehicle cannot move backwards in its lane. These
constraints can be modeled by requiring that (for a suitable
y?}) for y; < y# then v; > 0, while for y; > y* we must have
v; > v, with v,, > 0. Let u,, < 0 < uy,. Thus, each vehicle
can be described by a hybrid automaton with two modes:
qi = qu; if (y;i < yf and v; < 0) or (y; > yf‘ and v; < v,);
gi = g2 if (y; < y* and v; > 0) or (y; > y! and v; > vy).
In each one of these modes, the update map f is given by
equations (23), in which «(q;;) = [0, up], «(q2.;) = [tm, up]-

3162



46th IEEE CDC, New Orleans, USA, Dec. 12-14, 2007

Sampile trajectories for Example 2
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Fig. 2. The rectangle represents the set B. The plot shows the y;,y,
trajectories of trains at a railway merging. Each trajectory corre-
sponds to a different choice of initial values for (yy, y2, vy, v2, uy, up).

Since 7 p = 0, the hybrid automaton admits only autonomous
mode transitions.

Example 2: Trains at a railway merging. Consider two
trains in the proximity of a railway merging. Assuming
a second order dynamics along their rail, each train can
be modeled again as in equations (23). However, now the
input sets will be different from the previous example. In
digital control mode [16], the input u; can take four values
corresponding to a ‘“hard-brake” mode, a“run-out” mode,
a “constant-speed” mode, and an “acceleration” mode. Let
these 4 values be denoted by respectively a,v,d,8 so that
a <7y <6 <. Each vehicle dynamics can thus be modeled
by a hybrid automaton with four modes such that ¢; = ¢
ifu,=a,q=qiftu;=vy,q =qs;iff u3 =6, and g; = qa;
iff #; = 8. There are no autonomous switches in this system,
so that for each train R;(y;, v;,0;) = R;(0;) where o is the
discrete input.

One can verify that the above models for each vehicle
are triangular order preserving hybrid automata. The safety
requirement is that the two vehicles never are in a ball of
radius d around the conflict point C at the same time. This
is encoded by a bad set B = {(y1,vi,y2,v2) | (V1,y2) € B}, in
which B = [Ly, Uy] X [Ly, U] for suitable Ly, U;,L,, U, €
R. Algorithms 1 and 2 were implemented for the examples
introduced for the case AT = 1. The results are shown in
Figure 2 and in Figure 3. The over-approximation of the
escape set is tight as the trajectories of the controlled system
are very close to the bad set B (Figure 2). This means that
the control law is not conservative. An instance of escape
set for fixed values of the velocities is depicted in Figure 3.

VI. CONCLUSIONS

We have presented a linear complexity algorithm for the
computation of safety controllers for which a termination
condition is provided. This result is obtained by directly
exploiting the triangular structure of the system and the order
preserving property of the dynamics. Simulation results have
shown that the proposed control law is not conservative. In
our future work, we will relax the non-decreasing assumption
of the update functions, we will consider bad sets that are
the union of intervals as opposed to an interval itself and that
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Escape set for fixed v, and v, for Example 1
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Fig. 3. The escape set for a combination of speeds for Example 1.

incorporate all the state variables. We will consider discrete
state update maps with memory and we will use interval
abstraction techniques to embrace class of systems that are
not order preserving. Finally, the case of imperfect and partial
observation will be addressed and the extension to games
considered.
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