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provided. This work has two main contributions. First, it extends existing state estimation algorithms on
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© 2008 Elsevier B.V. All rights reserved.

1. Introduction

Hybrid system models have become increasingly popular
as a framework for describing discrete and continuous state
dynamics that characterize embedded systems. The problem of
state estimation arises as a means for control under partial
observation and as a means for fault diagnosis. Estimating
the values of non-measurable variables in hybrid systems with
reasonable computational effort is challenging. In the worst case,
the size of the set of possible current discrete states can grow
exponentially with the number of measurements due to the
coupling of continuous and discrete dynamics. We address this
computational challenge by proposing an alternative approach to
enumeration techniques, which exploits a partial order structure
on the set of continuous and discrete states. There is a wealth of
research on the problem of estimating the state of hybrid systems.
Bemporad et al. [3] propose a deadbeat observer for piecewise
affine systems, which requires large amounts of computation.
Balluchi et al. [2] combine a location observer with a Luenberger
observer. However, if the number of locations is large, as in the
systems that we consider, such an approach is impracticable.
In Alessandri et al., Luenberger-like observers are proposed for
hybrid systems, but the system location is known [1]. Ozveren
et al. [7] and Caines [4] propose discrete event observers based on
the construction of the current-location observation tree, which
is impractical when the number of locations is large. The main
contribution of this work is a new approach to state estimation
that exploits partial order structures. The idea is the one of finding
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an alternative way to enumeration in order to represent the sets of
interest. This alternative way relies on representing sets by means
of lower and upper bounds in suitable partial orders. This approach
was first proposed in the author’s previous work [10], in which
only the discrete variables were estimated, while the continuous
variables were available for measurement. In the survey paper [9],
the results on state estimation on partial orders are summarized.
In this paper, this approach is extended to the case in which the
continuous variables also need to be estimated. We show that
the proposed approach is general as partial orders on which to
construct the estimator can always be found provided that the
system has observability properties. The computational load of the
estimator is highly dependent on the specific partial order chosen.
We thus show through examples what classes of systems allow
for partial order choices that lead to low computation estimators.
In Section 2, we introduce a multi-robot example to explain the
basic idea. In Section 3, we introduce basic notions on partial
orders and the system model. Section 4 formulates the state
estimation problem and gives a solution. In Section 5, the existence
of the estimator is investigated. In Section 6, we illustrate several
examples.

2. A multi-robot example

As an illustrative example, we consider a task that represents
a defensive maneuver for a robotic “capture the flag” game [5]. In
this example, as opposed to [ 10], the continuous variables are only
partially measured. Some number of blue robots with positions
(zi1,0) € R? (denoted by open circles) and with speeds (z; 2, 0) €
R? must defend their zone {(x,y) € R?> | y < 0} from an equal
number of incoming red robots (denoted by filled circles). The
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Fig. 1. Example of the RoboFlag Drill with 8 robots per team. The dashed lines represent the assignment of each blue robot to red robot. The arrows denote the direction of

motion of each robot.

positions of the red robots are (x;, y;) € R? (Fig. 1). The red robots
move straight toward the blue robots’ defensive zone. The blue
robots are each assigned to a red robot, and they coordinate to
intercept the red robots. Let N represent the number of robots in
each team. The robots start with an arbitrary (bijective) assignment
o : {1,...,N} — {1,...,N}, where «; is the red robot that
blue robot i is required to intercept. At each step, each blue robot
communicates with its neighbors and decides to either switch
assignments with its left or right neighbor or keep its assignment.
The RoboFlag Drill system can be specified by the following rules:
yilk+ 1) = y;(k) — dif y;(k) > § and

zi1=0-=PBzi1— Pz + 2Py (1)
ji,z = (1-M)zi2 + Axy (2)
(ai(k + 1), aip1(k + 1)) = (i1 (k), ai(k))

ifxo,00 = Zig1,1(k) A Xgq 0 < Zig1,1(K), (3)

where we assume that x; < z;1(k) < x4 and x; < z2(k) < Xi4q
for all i and all k, which is guaranteed if 8 and X are sufficiently
small. This implies that each defender moves toward the x position
of the assigned attacker with second order damped dynamics. Eq.
(3) establishes that two robots trade their assignments if the cur-
rent assignments cause them to go toward each other. Given the
evolution of the measurable quantities z; 1, x;, and y; for all i, can
we build an estimator that tracks on-line the value of the assign-
ment «(k) and of the robots speeds z; » (k) for all k? The value of
o € perm(N) determines the discrete state. The number of pos-
sible discrete states is N!. This renders prohibitive the application
of observers based on the current-location observation tree [4,2,
7]. Consider the situation depicted in Fig. 1(left) where N = 8.
We see the blue robots 1, 3, 5 going right and the others going
left. From Eq. (1)-(2) with x; < zi1 < x1and x; < zi2 < Xy
we deduce that the set of all possible @ € perm(N) compatible
with this observation is such that o; > i+ 1 fori € {1, 3,5}
and o; < ifori € {2,4,6,7,8}. According to enumeration meth-
ods, this set needs to be mapped forward through the dynamics of
the system. Such a set is then intersected with the set of « values
compatible with the new observation. For each possible discrete
state, a continuous state estimator must be run to estimate the con-
tinuous variable corresponding to the discrete state. To overcome
the complexity issue that comes from the need of listing order of
N! elements, we propose to represent a set by a lower L and an
upper U elements according to some partial order. Then, we can
perform the previously described operations only on L and U, two
elements instead of N!. For this example, we can view o € NV,

The set of possible assignments compatible with the observa-
tion of the z motion deduced from Egs. (1) and (2), denoted
0,(k), can be represented as the interval [(2,1,4,1,6,1,1, 1),
8,2,8,4,8,6,7,8)] with the order established component-wise.
The function f that maps such a set forward, specified by Eq. (3)
with the assumption that x; < z;1 < x;41, Simply swaps two adja-
cent robot assignments if these cause the two robots to move to-
ward each other. Thus, it maps the set 0, (k) to the setf(oy(k)) =
[(1,2,1,4,1,6,1,1),(2,8,4,8,6,8,7, 8)]. When the new out-
put measurement becomes available (Fig. 1(right)) we obtain the
new set O,(k +1) = [(1,1,1,5,1,7,1,1), (1,2, 3,8,5,8,7,8)].
The sets f(Oy(k)) and 0, (k + 1) can be intersected by simply com-
puting the supremum of their lower bounds and the infimum of
their upper bounds to obtain [(1,2,1,5,1,7,1,1), (1,2, 3,8,5,
8,7, 8)]. This way, we obtain the system that updates L and U,
L and U being the lower and upper bounds of the set of all
possible « compatible with the output sequence: L(k + 1) =
f (sup(L(k), inf 0,(k))), U(k + 1) = f(inf(U(k), sup0,(k))). The
computational burden of this implementation is of the order of
N. This computational burden is to be compared to N!, which is
the computation requirement that we have with the enumera-
tion approach. Once we have an interval in which the discrete
state exists, we can determine the interval in which the contin-
uous state z; = (z12,...,2n2) exists. Let z; = (z1,1,...,25.1)
be the vector of positions. For a pair of consecutive measure-
ments z1(k), z1(k + 1) and for a(k) € [L*(k), U*(k)] with L*(k) =
sup(L(k), inf 0,(k)) and U*(k) = inf(U(k), sup O,(k)), we have that
z, is also in an interval (using component-wise ordering), which
is induced by the interval [L*(k), U*(k)]. We denote such an in-
terval induced by [L*(k), U*(k)] as Iﬁf{';)zlﬁ,ffl]) This induced in-
terval represents the set of all possible continuous variables z,
that are compatible with observations z;(k) and z;(k + 1) and
with a discrete state in the interval [L*(k), U*(k)]. The ends of
this induced interval can be easily computed by Eq. (1). In fact,
the map that attaches to a value « € N the values z;, for a
pair of consecutive observations z;(k), z;(k + 1) is given for all i
by o — /13 ((1 = B)z1.i(k) — z1.:(k + 1) + 2Bx,,). If we denote by
Mz, (.2, k+1) (@) the map that attaches to «, the value of z, for a
given pair of consecutive observations z;(k), z;(k + 1), we obtain
M, 09,201 (@) = }3(((1 —Bzia(k) —z11(k+1) +2Bxq,) s .. -,
(1 = B)zn1(k) — zy,1(k + 1) 4+ 2Bxy,)). The ends of the induced
interval are thus given by inf " Y ) = M, ¢ -, ges1) (L* (k)) and

* (), U* (k
sup 12 (,E)?zi’(k( +)1]) = M, 4.2, (ks 1) (U* (k). The lower and upper bounds

of the set of possible z, values, which we call z; and zy, can be
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updated by:
z2k+1)=hy (sup(zL(k), inf 110V W), L*(k)) ,

N (4)
zu(k+ 1) = hy (inf (zu (k) sup £ Y 1), U (1))

in which h, is the function that updates the variables z, as given
in Eq. (2). In this paper, this construction is made general by
employing partial order theory.

3. Basic notions

A partial order [6] is a set x with a partial order relation “<”, and
it is denoted (x, <). The join “v” and the meet of two elements
xand win y are defined as x Yy w = sup{x, w} and x A w = inf{x, w},
ifSC x, VS =supSand AS = inf S, where sup{x, w} denotes the
smallest element in y that is larger than both x and w, and inf{x, w}
denotes the largest element in x that is smaller than both x and
w. If x < w and there is no other element in between x and w,
we write x < w. Let (x, <) be a partial order. If x A w € x and
xy w e xforall x, w € yx, then (x, <) is a lattice. Let (x, <) be
a lattice and let S € x be a non-empty subset of x. Then (S, <) is
a sublattice of x if a,b € Simplies thata Yy b € Sanda x b € S.
If all sublattices of x contain their least and greatest elements,
then (x, <) is called complete. Given a complete lattice (x, <), we
are concerned with a special kind of a sublattice called an interval
sublattice defined as follows. Any interval sublattice of (x, <) is
givenby [L,U] = {w e x | L <w < U}forL,U € x. Thatis,
this special sublattice can be represented by only two elements.
The cardinality of an interval sublattice [L, U] is denoted |[L, U]|. The
power lattice of a set U, denoted (£ (U), <), is given by the power
setof U, £ (U) (the set of all subsets of U), ordered according to the
set inclusion C. The meet and join of the power lattice are given by
intersection and union. The bottom element is the empty set, that
is L = @, and the top element is U itself, thatis T = U. Let (P, <)
and (Q, <) be partially ordered sets. Amap f : P — Q is (i) an order
preservingmap ifx < w = f(x) < f(w); (ii) an order embedding map
ifx <w <= f(x) < f(w); (iii) an order isomorphism if it is order
embedding and it maps P onto Q.

n ”

Definition 3.1 (Distance on a Partial Order). Let (P, <) be a partial
order. A distance d on (P, <) is a function d : P x P — R such that
the following properties are satisfied: (i) d(x,y) > O forallx,y € P
and d(x,y) = 0if and only if x = y; (ii) d(x,y) = d(y, x); (iii) if
x <y < zthend(x,y) < d(x,2); (iv) d(x,2) < d(x,y) + d(y,2)
(triangular inequality).

Note that any function d that satisfies the items in Definition 3.1
is a distance function. So, the distance function on a partial order
is not unique. Let (P, <) and (P,, <) be two partial orders. Their
Cartesian product is given by (P; x P,, <), where P; x P, = {(x, y) |
x € Py and y € P} and (x,y) < (¥,y) ifandonlyif x <
x and y < y'. For all (py, p2) € P; x P, the standard projections
71 : P1xPy — P al'ld.JTz :P1xXPy — Py aresuchthatﬂl(pl, pz) =D1
and m,(p1, p2) = p». Let P; and P, be two sets with P; € P, and
(P, <) a partial order. For all x € P,, we define the lower and upper
approximations of x in P; as a;(x) := maxp, {w € P1 | w < x}
and ay(x) := mine, <){w € P; | w > x}. If such lower and upper
approximations exist for all x € P,, then the partial order (P, <)
is said to be closed with respect to P;. One can verify that the lower
and upper approximation functions are order preserving.

A deterministic transition system (DTS) is a tuple X = (S, %, F, g),
where (i) S is a set of states with s € S; (ii) ¥ is a set of outputs
withy € Y; (iii) F : S — S is the state transition function; (iv)
g:S — Yisthe output function. An execution of a deterministic
transition system X is all sequence o = {s(k)}xen Such thats(0) € S
and s(k+ 1) = F(s(k)) for all k € N. The set of all executions of X is

denoted & (X). An output sequence of the system X corresponding
to an execution o is denoted {y(k)}«en and it is such that y(k) =
g(s(k)). The deterministic transition system X = (S, Y, F, g) is said
to be observable if any two different executions o1, 0, € §(X) are
such that there exists a k such that g(o(k)) # g(o,(k)). It is useful
to define also systems with inputs and their interconnections.
We define two types of interconnection: feedback interconnection
and cascade interconnection. A deterministic transition system with
input is the tuple ¥ = (S, 4,Y,F, g), where (i) S is a set of
states with s e S; (ii) £ is a set of inputs; (iii) Y is a set of
outputs withy € Y; (iv) F : S x & — S is the state transition
function; (v) g : S x & — Y is the output function. Consider
the two systems with inputs ¥y = (4, {1, Y1, F1,81) and X, =
(gz,lz,yz,Fz,gz), in which I = yz, I, = yl, and 81
81 — Y. The feedback interconnection of 5, with 5, denoted by
X1 of Xy, is the deterministic transition system given by X of 2, :=
(81 x 82, Y2, (F|,F,), g5), in which for all s; € 4y ands; €
4, we have Fi(s1,52) = Fi(s1,8(52,81(51))), F(51,82) =
Fy(s2, g1(s1)), and g5(s1,52) = g2(s2,g1(s1)). The output of the
feedback interconnection X of X is the output of X,. Consider
the two systems with inputs ¥y = (4, {1, Y1, F1,81) and X, =
(82, 42, Y2, F2, ), in which £, = Y. The cascade interconnection
of ¥; and %, denoted X o, X, is the deterministic system with
input given by 2y o X, = (81 x 482, 41, Y2, (F1, F), g5), in which
forall s; € 81,5, € 4, and uy; € 47 we have that F(s1, s2, u1) =
Fi(s1,u1), Fy(s1,82,u1) = Fa(s2, g1(s1, u1)), and g (s, s2, 1)
22(s2, 21(s1, uy)). Let U be afinite discrete set, Z an infinite possibly
dense set, and ¥ a finite or infinite set. In this paper, we consider
systems of the form £ = X oy %, in which 2y = (U, %, U, f, id)
and ¥, = (Z,U,Y,h,g),withg : Zx U —> Y f :@ U X
Y - U h : Zx U — Z. Then, we have that Yo 2, =
(U xZ,Y,(,N),g),in which for all @, z € U x Z we have that
fl(a,2) = f(a, g(z, ), W (e, z) = h(z, @), and g’ (e, 2) = g(z, o). We
attach to ¥ = X oy X, the following difference equations o(k +
1) = f(a(k),yk)), z(k + 1) = h(z(k), a(k)), y(k) = g(z(k), a(k)).
In the following, we denote by o(z) (k) and by o(«)(k) the values
of the variables z and « along the execution o, respectively. We
next define the set of all possible discrete variable values that are
compatible with two consecutive output measurements. The sets
Ty,y,(X) ={d € U |3 ze Zsuchthat y; = g(z,) and y; =
g(h(z, o), f(a, y1))} with y1,y, € Y are the X-transition sets. We
denote the property of the system X that allows us to distinguish
two different initial values of the variables « independently of the
continuous state by independent discrete state observability. The
system X is said to be independently discrete state observable if for
all output sequences {y(k) }ve, We have that for any two executions
01,02 € €&(X) such that {o1(k)(@)}ken # {02(k)(0)}ken, there
is k > 0 such that o1(k)(@) € Tyw.yk+1)(2) and oz(k) () ¢
Ty@.yk+1)(2). This property basically states that an independently
discrete state observable system is such that any two executions
with different discrete state sequences cannot have the same
output sequence, that is, at some point oq(k)(«) is compatible
with the output pair y(k), y(k + 1) (o1(k)(r) € Ty, yk+1) (X)), but
02 (k) (o) is not (o2 (k) (o) & Tywy,yk+1)(2)). This property allows us
to construct a discrete-continuous state estimator that is a cascade
interconnection of a discrete state estimator as the one in [10], and
a continuous state estimator.

4. Problem statement and solution

Consider the deterministic transition system X = ¥ oy X, with
output sequence {y(k)}rcy. From the measurement of the output
sequence, we want to construct a cascade state estimator: A system
£ = 5o 5%, in which £; takes as input the values of the output
of X and asymptotically tracks the value of the variables «, while
5, takes as input the discrete state estimates and asymptotically
tracks the value of z.
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Problem 1 (Cascade State Estimator). Given the deterministic
transition system ¥ = Xjof X, in which &y = (U, Y, U, f, id)
and 2, = (Z, U, Y, h, g), determine the cascade interconnection
2 = 2] Oc fJZv in which 2‘1 = (X X X, y XAyv XXX (fl’fZ)v ld) with
frixxYxY—> xforxxYxY—> x2=(LxL xxxxYx
Y, XX XZE X Zg, (f3,fa), (€1, 82)) Withfz : L X x x x x Y x Y — L,
fa: LXYXYXXYXY > L,g1: X —> X&' X — X with
g1=g =1id,g3: L > Zg,and g4 : L — Zg, with U C x, (x, <)
a lattice, Z € Z; with (Z;, <) a lattice, x x Z; C £ with (£, <) a
lattice, such that for all executions o = {(«(k), z(k))}xen Of X with
output sequence {y(k)}rey the update laws

Lk + 1) = fi(L(k), y(k), y(k + 1)),

Utk+ 1) =fUMK), y(k), y(k + 1)),

qu(k+ 1) = f3(q(k), L(k), U(k), y(k), y(k + 1)), (5)
qu(k + 1) = falqu(k), L(k), U(k), y(k), y(k + 1)),

with z; (k) = gz(q.(k)), and zy (k) = g4(qu(k)), in which L(0) := A x,
Uu) = Vx q0) = AL qu0) = VL have the following
properties

(i) L(k) < a(k) < U(k) (correctness);

(ii) |[L(k+ 1), U(k + 1)]| < |[L(k), U(k)]| (non-increasing error);
(iii) there exists ko > 0 such that [L(k), U(k)] N U = (k) for all

k > ko (convergence);

(i") z (k) < z(k) < zy(k) (correctness);
(ii") d(z.(k), zy(k)) < y([L(k), U(k)]|), with y a monotonically
increasing function of its argument (non-increasing error);
there exists k; > 0 such that d(zy (k), zy (k)) = 0 forall k > kg
(convergence), where L'(k) = A([L(k),U(k)] N W), U'(k) =
VLK), UK N W), quk + 1) = fa(qr k), L'(k), U'(k), y(k),
yk+ 1), quk + 1) = fa(qu k), L'(k), U'(k), y(k), y(k + 1)),

(iii’

—

and

zr(k) = A\ g3 (lav (k) qu (1N (U x Z)) (6)
2y (k) = \/ ga (v (k) qu ()1 N (U x Z)) ™)
with g (0) = ¢;(0) and qy(0) = qu(0), for some distance
function “d.”

Properties (i")-(iii") are the same as the properties (i)—(iii) but for
the continuous state estimate. The variables L and U represent the
lower and upper bounds in (y, <) of the set of all possible discrete
variable values « that are compatible with the output sequence
and with the discrete state system dynamics given by X;. The
variables z; and z; instead represent the lower and upper bounds
in (Zg, <) of the set of all possible continuous variable values
that are compatible with the output sequence, with the system
dynamics established by X, and with the set of possible discrete
variable values. The variables ¢; and qy are auxiliary variables that
are needed to model the coupling of the continuous and discrete
state dynamics. They represent the lower and upper bounds in
the mixed discrete-continuous partial order (£, <) of the set of
all possible pairs («, z) compatible with the output sequence, with
the system dynamics, and with the set of possible discrete variable
values. The distance function “d” has been left unspecified for
the moment and can be any function that satisfies the items of
Definition 3.1. As we performed in the example in Section 2, in
order to construct an estimator that keeps track of lower and upper
bounds of the state variables, the state variables of the system have
to be viewed as belonging to a partial order. We thus introduce the
notion of extension of a system X to a partial order.

Definition 4.1. Consider the system ¥ = Xjof %, with ¥y =
(U, %, U, f,idy) and 3, = (Z, U, Y, h, g). Let (x, <), (Zg, <),and
(&£, <) be partial orders with U C x, Z € Z;, and x x Zz C L.
The system extension is defined as & = (£, Y, F, G), in which (i)
F: &£ — LwithFly,z = (f, ') and £ — (U x Z) is invariant under

F; (i) G : £ — Y with Glyxz = g’; (iii) £|,xz, = &1 o £, in which
;'1 = (X, %, x.f.idy) and 5, = (Zg, x, Y, h, &), with fluxy = f,
hlzxy = h, and glzxy = g; (iv) the partial order (£, <) is closed
with respect to x x Zg.

Let & = (£, Y, F, G) be the extension of ¥ on the lattice (£, <). For
allyr,y; € Y, the sets Ty, ,,(£) = {(w € x | 3z € Z such thaty, =
G(F(w, z)) and y; = G(w, z)} are named the E-transition sets. The
X -transition sets correspond to the set of all possible values of w €
x compatible with two consecutive outputs of the extended system
3. The output set denoted 0, (k) is a transition set corresponding
to two consecutive output measurements (y(k), y(k + 1)) of &
along an execution of % with output sequence {y(k)}ey. That is,
0y(k) = Tyw).yk+1)(E). The next definition introduces the notion
of interval compatibility of the tuple (4, 2, (), <)).

Definition 4.2. The tuple (2, £y, (x, <)) is said to be interval
compatible if for all y;,y, € Y, we have that (i) the E—transitign
sets are intervals, i.e., Ty, 1, (£) = [A Ty, (2), V Tyyy, (2)]; (i) f :

(Ty] V2 (2)7 yl) - [i(/\Tyl,yz (E)v yl)vf(\/TyLyz (i‘)s yl)] is an order
isomorphism.

This property requires that a 2-transition set is a sublattice interval
in the lattice (x, <) and that the extension £ is such that f is an
order isomorphism on such a set. In order to determine the set of
variable values in £ of the extended system that are compatible
with an output pair yq,y, and with a set of possible discrete
variable values [wy, wy] C Tyl,yz(i), we introduce the notion of
induced output set. Consider the system £ = (£, Y,F,G) and

a transition set Tyhyz(i) for some yq,y, € Y. For all wy,w, €
Ty,.y, (£) with wy < wy, the sets v = (g e £ | moal(g) >
w1, 1 0 ay(q) < wa, y2 = G(F(q)), and y; = G(q)} are named the
induced output sets of £ induced by an interval [wq, w2] C Ty, 4, (2).
The meaning of an induced output set is the following. The set
Iﬁ"l"_ly’zwﬂ is the set of all possible values of g € £ that are compatible
with two output measurements y, y, and whose upper and lower
approximations in x x Z; have the discrete component contained
in the set [wy, wy]. One can easily verify thatif [wy, w,] € Ty, 4, ),
then {(o,2) | g(z, ) = y1 and g(h(z, o), f(er,y1)) = y2} with
o € [wy, wy] is contained in Iﬁﬁ”,‘yQ’VZ]. Next, a definition similar to
interval compatibility is introduced for the induced output sets and
the system extension .

Definition 4.3. The pair (2, (£, <)) is ~said to be induced interval
compatible if for any [wy, wo] € Ty, ,,(2) for yi,y2 € ¥, we have
that (i) F = (ALY, VIV — [FA L2, FOV YD)
is order preserving; (ii) F : ([AL*), \VI@9]) — [F(AL*2D),
F(\/I}f:;‘z])] is an order isomorphism; (iii) for all [wy,w;] C

T, ,,(5), we have that d (712 oa, 0 F(ANIYLYY), 75 0 ayo

F(V Iﬁ‘q’]};zwﬂ)) < y(|[w1, w]]), for some distance function “d”, and
y : N — R a monotonically increasing function of its argument.

The function d is any function that satisfies the items of
Definition 3.1. Item (i) of this definition requires that the extended
function F has order preserving properties on the induced output
sets. Item (ii) requires the stronger property of order isomorphism
when the interval to which the discrete state belongs is a singleton.
This property is stronger than order preserving because it also
requires that F is onto on the indicated codomain. This property
is necessary to prove the convergence of the continuous state
estimator. Item (iii) establishes that the distance between the
lower and upper bounds of the interval sublattice in (Z, <)
induced by an interval [wy, w;] € yx is bounded by a monotonic
function of the cardinality of [wy, w2]. When (y1, y2) = (y(k), y(k+
1)) in the above definitions, in which {y(k)};ey is an output
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sequence of X, we use the notation (y(k), y(k + 1)) = Y(k) so
that I¢3"2! | = I51"2). A solution to Problem 1 is determined on
the basis of two intermediate results. The first result establishes
that when the tuple (2, £y, (), <)) is interval compatible, under
the assumption of independent discrete state observability it is
possible to construct a convergent discrete state estimator 5.
The second result establishes that under the induced interval
compatibility assumption and given a convergent discrete state
estimator, it is possible to construct a convergent continuous state
estimator 5, that is driven by the discrete state estimates.

Lemma 4.1. Let {y(k)}«cn be the output sequence of an execution
of . Consider the system with input £, = (x x x, % x ¥, x x
X (i, f),id) withfi © x x Y x Y = x ot xxYxY —
x given by fi(L(k),y(k),y(k + 1)) = f(AOy(k) v L(k), y(k)) and
LUK, y(k), y(k + 1)) = f(VO,(k) A Uk), y(k)), with L) =
Ax and UQ) = V x. If system ¥ is independently discrete state
observable and the tuple (£, 2, (x, <)) is interval compatible, then
L(k) and U(k) have properties (i)~ (iii) of Problem 1.

The proof of (i) relies on the order preserving property of f. The
proof of (ii) exploits the order isomorphism property of f on the
output set. The proof of (iii) relies on the independent discrete state
observability assumption. For the details, the reader is referred
to [10].

Lemma 4.2. Let {y(k)}ren be an output sequence of . Let 5y be as in
Lemma 4.1 and let the hypotheses of Lemma 4.1 be satisfied. Consider
the system with input 5 = (£ X &£, x X X X Y x Y, x X X X Zg X
Zg, (f3,fa), (81,82, 83, 8)) Withfz 1 L x x x x x Y x Y — L,
fa: LXxXXxXYXxY—> Lg3:L—> Zgandgy: L — Z given
by

(@ k), 1), UK), y(0, y(k + 1)) = F (a: (k) v A\ s ")
fa(qu(k), LGO, UGK), y(0, y(k + 1) = F (quk) 1 \/ 1§V ")

g3(q. (k) = m3 o a;(q.(k)), 24(qu(k)) = m3 o ay(qu(k)) (8)

in which L(k), U(k), y(k), y(k + 1) is the output of 5y, L*(k) =
A Oy (k) ¥ L(k), and U*(k) = \/ 0,(k) A U(K). If (£, (£, <)) is induced
interval compatible and X is observable, then z;(k) = g3(q;(k)) and
zy(k) = g4(qu(k)) have properties (i')-(iii’) of Problem 1.

Proof. The proof of (i) exploits the order preserving properties of
F,a,, ay, and of r,. The proof of (ii") exploits the property of induced
order compatibility and the definition of distance on a partial order.
The proof of (iii") uses directly the observability of system X.

Proof of (i"). We use induction argument on k. Initially, ¢, (0) =
AL and qy(0) = \/ L. Therefore we have that q,(0) <
(2(0), z(0)) < qu(0). Next, we show that g, (k) < (x(k), z(k)) <
qu(k) implies q;(k + 1) < (a(k + 1), z(k + 1)) < qu(k + 1). Since
ak) € [L*(k), U* (k)] € Tyyuen(E) and (a(k), z(k)) € {(a,2) |
g(z, ) = y(k) and g(h(z, o), f(a, y(k))) = y(k + 1)} we have that
(a(k), z(k)) € I,[(L(l()k)’u*(k)]. Removing the dependency of L*, U* and
Y on k, we obtain that q,(k) ¥ ALY < (a(k), 2(k)) < qu(k) &
\/ U Since F is order preserving on Il"*U"), we also have that
Fato v ARUT) < (et 1), 2+ 1) < F(qu) 1 VIFY).
We are left to show that q; (k) < (a(k), z(k)) ((x(k), z(k)) > q.(k))
implies that 75 o a;(q (k) < z(k) (2 o ay(q.(k)) > z(k)). This
is true as 7, o a; (73 o ay) is an order preserving map and ; o
ar(a(k), z(k)) = z(k) (72 o ay(a(k), z(k)) = z(k)).

Proof of (ii’). Since F is order preserving on the induced tran-
sition sets, we have that F(AILUY) < F(q(k) v ALY
(FOV Uy > Fgu(k) o VIV, Since 75 0 g, and 775 o ay are
also order preserving, by using property (iii) of the distance func-
tion, we have that d(r; o a; o F(qu (k) ¥ ALY, 5 0 ay o F(qu (k) &

VI < d(moa o (AT, mp0ay o FOV ")) By prop-
erty (iii) of Definition 4.3, we have that d(m; oa, o F(A I V™), my0ay

oF (V I}V < y(1L*, U*)). Since f([L*, U*1,y) < [F(L*,y), F(U*, )],
f(L*(k) y(k)) = L(k+ 1), andf(U*(k) y(k)) = U(k+ 1), we have by
the order isomorphism property of f that |f([L* (k), U*(K)], y(k))| =
[IL*(k), U*(K)]] < |[L(k + 1),U(k + 1)]|. Since y is a mono-
tonically increasing function of its argument, we have that
y([L* k), U (1)) < y([L(k+ 1), Uk + D])).

Proof of (iii"). For k > ko, L'(k) = a(k) = U'(k) because
[L(k), U(k)] N U = a(k). As a consequence, q, (k + 1) = F(qy (k) ¥
/\IY”(,E’)‘) @@y and gy (k + 1) = E(qu (k) A \/Ifé,ﬂ')‘) *®1) By property
(ii) of Definition 4.3, it follows that for all k > ko we have that for
allq € [qu(k+ 1), qu(k+ 1)] thereisq € [qr (k), qu (k)] such that
q = F(q).Also, £L—(Ux Z) isinvariant under Fand Floyxz = (f', '),
Therefore, it is also true that for all (¢, Z) € [qv(k + 1), qu(k +
DIN (U x Z) there is («, z) € [q.(k), qu(k)] N (U x Z) such that
(o, Z) = (f(ar, y(k)), h(z, &)). In addition, we have that such («, z)
is in the induced transition set, that is, (e, 2) € L“®!. This in
turn implies that g(z, @) = y(k). This is true for all k > ko. But, if
for all k > ko the set [q;(k), q;(k)] N (U x Z) contains more than
one element, it means that there are at least two executions of X,
01 # 03, such that g(o1) = g(o3). This contradicts observability of
X.Thus, it must be that there is k > ko such that fork > kj we have
that [q; (k), g; (k)1 N (U x Z) = («(k), z(k)). As a consequence, by
virtue of Eq. (8) we also have that z; (k) = zy (k) forallk > k. O

The proof of the convergence of the continuous state estimate
relies on the fact that the function F is an order isomorphism. If the
extended function F is not an order isomorphism, the convergence
of the continuous state cannot be guaranteed. While the proof of
the convergence of the continuous state estimates relies on the
convergence of the discrete state estimates, it is not necessary
that the continuous state estimate awaits the convergence of the
discrete state estimate before it can converge. The discrete and
continuous state estimates can converge at the same time. This is
due to the fact that the estimation strategy (both for the continuous
and discrete states) relies on a prediction-correction approach. Due
to this approach, the error on the continuous variable estimates
can be rendered smaller at each step. The following theorem is a
consequence of Lemmas 4.1 and 4.2.

Theorem 4.1. The cascade interconnection 3 = 5 o, 5, where 54
is as in Lemma 4.1 and ), is as in Lemma 4.2, solves Problem 1.

We next study a class of systems in which there is a partial
order on Z, the cone partial order, that is preserved by the system
dynamics. In this case, we can choose Z; = Z, with (Z, <) a partial
order, and (£, <) = (x x Z, <). An ordered Banach space [11] is
a real Banach space Z with a non-empty closed subset K known
as the positive cone with the following properties: (i) «K < K for
all @ € Ry; (i) K + K € K; (iii) K N (=K) = {4}, i.e., the cone is
pointed. A partial ordering is then defined by x > y forallx,y € Z
if and only if x — y € K, withx > yif and only if x > y and
x # y. The resulting partial order is denoted (Z, <). If condition
(iii) is not satisfied, we simply refer to (Z, 5) as an ordered space.
Let again Y = Xjop X, in which 2y U, Y, U, f,id) and

X = (Z,U,Y,h,g) with (Z, <) an ordered space. Let (x, <)
be a lattice and consider the extension ¥ = 5 o; 3, in which
1= (Y xf.id) and 5 = (Z,x, Y. h, &), with f :

y — Xandflqu = f I’l : ZXX — ZWlthh|ZXu = h
g:Z x x — Y and g|zxy = g Then, we say that X is a monotone
deterministic transition system ifthere is alattice (), <) with U C ¥
and a system extension 5 = Xjo; 55 on (x x Z, <) such that
h is order preserving. Such an extension 5 is called a monotone
extension of X on x x Z. For a monotone deterministic transition
system, the ordered space (Z, <) can be used in the estimator
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design to reduce the computational burden, as the elements of Z
are points, and their order relation can be efficiently computed
by using the definition of (Z, <). In the following, we assume
that (Z, <) in an ordered Banach space unless otherwise stated.
For a monotone transition system, we can re-define the induced
output sets to contain only the continuous component of the state,

that is, for all y1,y, € Yand wy < w, € Tyl_yz(i) we define
IWI swa]

e =1z € Z | y1 = &(z,w),y2 = g(h(z,w), f(w,y1)),w €
[w1, w2]}. In addition, the induced order compatibility definition
is defined only on the basis of the properties of h. This implies
that items (i)-(iii) of Definition 4.3 take the form: (i) h
LYY s twy, wal = [TROA LYY, wa), RV IDY502), wy)] s order
preserving; (i) h : 2% x o — [E(/\Iy‘fﬁz,a) (VI )] is
an order isomorphism; (iii) d(R(A Y522, wy), ROV 1022 wy)) <
y(|[wi, w,]]). For a monotone deterministic transition system,
induced interval compatlbllity can be easily verified and the values
of \/ 1522 and A 152! can be efficiently computed. A map M
can be found that for each pair of consecutive output observations
attaches to the discrete state a value of the continuous state. If
this map is order preserving, then the values of the ends of the
interval induced by [w, w,] can be simply computed by computing
the map M on wy and on w,. In general, let {y(k)}vcy be an output
sequence of . Define R (z, w) = h(R*1(z, w), f* 1 (w, y(k — 2))),
and fé(w, y(k—1)) = F(*" (w, y(k—2), y(k—1))), with fO(w, y) =
wand i%(z, w) := z.

Definition 4.4. Let ¥ be a monotone transition system and ¥ =
51 of 5, its monotone extension on the partial order (x x Z, <),
with (Z, <) an ordered space. We say that 3 is continuous state
observable in k steps if there is k > 0 such that for all k > 0,
for all output sequences of X{y(k)}i=o, and for all w € x we have
that {z | 8(z, w) = y(k), ..., 8"z, w), fF" Y (w, y(k + k — 2)) =
y(k + k — 1)} is a singleton in Z. The map Myq, : x — Z that
for each finite output sequence Y(k) = {y())}icp.rsk_1; attaches
toaw € xthez € Z according to Mygy(w) = {z | g(z,w) =
y(K), ... B0z, w)), ol (w, y(k+ k — 2)) = y(k+ k — 1)} is the
observability map.

Thus, if the system X is continuous state observable, the
continuous state z can be expressed as a function of the output
sequence and of a starting discrete state w € x.

Proposition 1. If the monotone extension of X, X, is continuous
state observable in two steps, then (2, (x x Z, <)), with (Z, <) an
ordered Banach space, is induced interval compatible. Furthermore,
let {y(k)}ien be an output sequence of X, if the observability map

My : x — 2Zis also order preserving, then for all wy < w, with
wi, wa € 0y(k) we have that A\ 15" = Mygy(w) and \/ Iis"? =
My (w2).

Proof. Item (i) of Definition 4.3 is satisfied as  is order preserving
due to the fact that £ is a monotone extension of £ on (x x

Z, <). Item (ii) of Definition 4.3 is clearly verified as A I}*:%] =

\Vi I}l,‘f ;‘,‘J by the assumption of continuous state observability in two

steps. Let d := maxy,«w, |1(Myg (W), wi) — h(Mya) (w;), wy)|| for
wi, w; € [wy,wz] C , then (iii) is verified with y(|[wy, w2]|) =
d|[w1, w,]| by using the triangular mequahty By the hypothe51s of
observability in two steps, it follows that A Iy(k =z=V IYV(VkW =
My (w). By the order preserving property of My, it follows that
Myqy(w1) < Mygy(w) whenwy <w,. O

There is an extensive literature in the context of monotone
systems that studies conditions for the monotonicity of maps. The
reader is referred to [ 11] for details. A monotone system extension
that is continuous state observable in two steps automatically
satisfies the induced interval compatibility properties. Also, the

lower and upper bounds of the induced output sets that are
used in the estimator update laws can be readily computed if
the observability map is order preserving. As a consequence,
for a monotone extension X for which the observability map
is order preserving, the update laws f; and f; of Theorem 4.1
transform to

F(@ k), L(k), UK, y(k), y(k+ 1)) = h (z.() ¥ Myqy (L*(K)), L*(K))
Fa(zy(k), L(k), UK), y(k), y(k+ 1)) = h (zy (k) & My (U*(K)), U* (k) -
(9)

5. Estimator Existence

Theorem 5.1. Assume that the system ¥ = X7 of X, is observable
and independently discrete state observable. Then there exist lattices
(X, ), (Zg, <), (L, <) with U C x, Z C Zg and x x Zr © &L,
and system extensions >, and ¥ such that the tuple (21, £, (x, <))
is interval compatible and (£, (£, <)) is induced interval compatible.

Proof. In the first part of the proof, we construct the lattice (x, <),
we define ¥; and ¥ on x x Z. Then we show that properties
(i)-(iii) of Definition 4.2 are verified. In the second part of the proof,
we define the lattices (£, <), (Zg, <), we define £ on £, and we
define an appropriate distance function d on Z;. Thus, we show
that properties (i)-(iii) of Definition 4.3 are satisfied.

Part 1. We define the lattice (x, <) as (x, <) = (£(U), ©), that
is, the set of all subsets of U with order established according to set
inclusion. The bottom element is the empty set, denoted L, and the
top element is U itself. Any element in yx, denoted w, is of the form
w=qa1Y---Ya, for someqa; € U.The system 2 =06Y, xf,id)
is determmed oncef : x x Y — x is established. The function
Fixx Y — xisdefined as f(w,y) = f(a1,y) ¥ -+ ¥ f(tn, y)
foranyw = a7 ¥ -+ ¥ an, and f(L,y) = L, for anyy € Y.
In order to identify the structure of the sets Tyl,yz(i), we define

= (L, Y, F, G) by initially defining F and G on x x Z.Recall that
Glyxz; = & and that §(w, 2) = §(z, w) forallw € x and z € Z;. For
all w,2) € x x Z,forw = a1 ¥ --- Y o, we define F(w, z) =
F(oe1,2) Y - Y F(ay, 2), F(a,2) = (f(at,y), h(z,)), with y =
g(z,a) foranya € U. Also, we define the function g(z, w) for
all (w,2) € x x Zwithw = a7 ¥ --- ¥ «a, as follows. We set
8(z,w) = y ifand only if g(z, ;) = y forall i. As a consequence,
one can check that if Ty, ,,(2) = {ay,...,a,} for some o; € U,
then it follows that Ty, ,,(2) = [L,01 ¥ -+ ¥ a,]. This directly
follows from the definition of F and &. From this fact, it follows
that (i) of Definition 4.2 holds. Property (ii) follows from the fact
that f is an order embedding by definition, from the fact that f
[L, w] — [L, f(w, y)]is onto by definition, and from the fact that :
Ty, 5, (2) = f(Ty, 4, (£), y1) must be one-one by the independent
discrete state observability assumption.

Part 2. In the second part of the proof, lattices (Zg, <), and
(£, <) with extensionsF : £ — £Land G : £ — Y are constructed.
Define {z | y = g(z, &), @ € U} := m(«, y). The set Z; is defined in
the following way: (i) Z C Zg; (ii) m(«, y) € Zg foranyy € Y and
any o € U; (iii) Zg is invariant under h, i.e., if z € Zg, then h(z, o) €
Zforallz € Zgand all ¢ € U; (iv) Zg is closed under finite unions
and finite intersections. By construction, (Z, <) is a lattice where
the order is established by set inclusion. Each element in Z; is a
union of submanifolds or of points in Z. We denote an element
in Z; by z. Define (£, <) = (P(x x Zg), ©), that is, the set of
all subsets of x x Z; with order established by set inclusion. By
construction, x x Z; C £.Anelementin .£ is denoted by q € /£ and
ithastheformq = (wq,z1) Y ---Y (wy, zx), inwhichz € Zgand w; €
x.Forallg = (wy,z1) ¥ --- ¥ (W, z,) € L, its lower and its upper
approximations are defined as a;(q) :== (W1 A -+ AWy, Z1 A -+ - A Z)
and ay(q) = (W1 Y -+ Y W,z Y --- Y Z). Forall z € Z; and for
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allw € x, we define (L,z) = (w, L) = L. Define the functions
G:«£ — YandF : £ — £ in the following way. For all ¢ =
W1,z1) Y-+ Y (Wi, z) € L, withw; = ;1Y - - - Y @ p,, define G(q) =
y if and only if g(z;, w;) = y, &(z;, w;) := y ifand only if g(z;, ot; ;) =
y forall j < pig(zi, @) = y ifand only if z; € m(e, y). Also, define
F(q) = F(w1,21) Y -+ Y F(Wy, Z), F(w;, Z) = F(eti1,2) Y -+ Y
F(aip, zi),and F(er, 2) == (f(e, ), h(z, o)) if gz, ) =y, y € Y, €
U,z € Zg, while F(a,?) = Lifgza) ¢ Y,a € U,Z € Z.
We define F(L) = L. Note that z € Z and therefore h does
not need to be extended. We next determine the structure of the
induced transition sets. The intervals [L*, U*] in the estimator in
Theorem 4.1 always have the lower bound equal to L as the output
sets 0,(k) have the lower bound equal to L and f(L,y) = L.
As a consequence, we are interested in the structure of Ij ") for

[L,w] € Ty,,,(5).Letw = a1 Y --- Y . One can then check

1,52
that Il = [, q], where ¢ = (et1,Z1) Y -+ ¥ (@, Z,), in which
Zi € m(a;,y1). For all ¢ e I2W with ¢ # L, the definition

Y1.y2

of F guarantees that F is order preserving on the induced output
set. Thus, (i) of Definition 4.3 is satisfied. To check that also (ii)
of the same definition is satisfied, note that Il*:%) = (a,2) for
z C m(a,y1). The assumption of X being observable and the
fact that F(a, m(c, y1)) = (f(e, y1), h(m(e, y1), o)) guarantee that
F: (o, m(a,y1)) — F(o, m(ex, y1)) is one—one. Since F is also an
order embedding by definition, property (ii) of Definition 4.3 is
also verified. To show (iii) of Definition 4.3, we define a distance
function on Z;. For all z;,z, € Zg, we choose the discrete metric,
that is, d(z1,z,) = 1ifz; # Zzy, d(z1,z2) = 0 otherwise. This
distance satisfies the definition of a distance on a partial order. In
fact, if x <y < zwe must have that d(x, y) < d(x, z) otherwise we
would have d(x,z) = 0 and d(x,y) = 1, which is a contradiction.
For all [L,w] C y withw # L, |[L, w]| > 1 and therefore (iii) of
Definition 4.3 is verified with y =id. O

The construction of the partial orders in this theorem is non-
trivial due to the mixed discrete-continuous nature of the partial
order (£, <).In particular, its elements are sets of pairs of elements
in x and in Z; and thus they do not necessarily lie in the
Cartesian product x x Zg. Therefore, the order between any two
elements in £ cannot simply be derived by the ordering of the
Cartesian product (x x Zg, <). This is illustrated in Example 1 in
Section 6.

6. Examples

Example 1 (Linear Discrete-Time Hybrid Automaton). Let U =
{aq, op, a3, 004, s}, and a(k + 1) = f(ax(k)) where f is defined as
flar) = ay, f(a) = as, f(az) = ay, flag) = as, f(as) = as.
Assume Z = R", the function h is given by z(k+ 1) = A(a(k))z(k) +
B(ae(k)), where A(o;) = A; € R" x R" and B(e;) = B; € R". The
output function g is such that g(z, ) = (g.(@), g:(, 2)), where
gy U — {y1,y2) and g,(, z2) = C(a)z, with C(a;) = G € R™ x R".
Thus, ¥ = {y1,¥2} x R™ We denote the sets Y; = {@ € U |
&) =y} = {a, 0,03} and Y, = {a € U | go(®) = y2} =
{4, as). An instance of such an example is considered with n = 3
and m = 1, in which A; = ((1,1, 1), (0,1, 1), (0,0, 1)), A, =
((1/2,1/2,1/2),(1,2,2),(0,0, 1)), As = ((2,1,1), (0,1, 1),
(25 0, O)/)/v Ag = ((17 1, ])/7 (17 1, 0)/7 (07 Ov 1)/)/v As = ((17 07 O)/a
(1,1,1/,(1,1,0)),¢; = (1,0,0), G = (1,1,2), G = (0,0,0),
C4s = (1,0,0),and Gs = (0, 1, 1). In this example, ¥ = ¥; o, 2,
with 1 = (U, U,f,id) and %, = (Z, U, Y, h, g). The system
1= (x, x,f, id) is defined as follows.

The lattice (x, <) whose construction is sketched in Theo-
rem 5.1 is shown in Fig. 2. It contains the set of all subsets of U
on which the estimator can evolve. Such a diagram also shows
the way f : x — y is defined. The system £ = (£, Y,F,G)

Fig. 2. lattice (x, <). We have f(Y;) = (a3, 05}, f(Y]) = {01, 04,25}, and
F2(v1) = {o3, 04, @5}

is defined as follows. The lattice (Zg, <) is constructed accord-
ing to the proof of Theorem 5.1, in which the submanifolds are
affine linear subspace. The partial order (£, <), the function F,
and the function G are also constructed as in the proof of The-
orem 5.1. An element of £ is a set of pairs («;, m;), in which
«; is a discrete variable and m; is a hyperplane where z can
be, given the discrete variable «; and a continuous output se-
quence. The estimator of Theorem 4.1 is applied. Thus, z;(k) at
each step k is a collection of affine linear subspaces, each given
by the set of z € R? such that M;(k)z = (y(k) — V;(k)), where
Mi(k) = (Cew)', (C(fla)A(e))'s - .., (CF T (@)AF 2 ()Y,
and Vi(k) = (0, C(f(e))B(a), ... C(f* " (a)B(f**(av;)))’, with
y(k) = (0),...,y(k — 1)), and «; is such that f*!(a;) €
[L,U(k)], for U(k) € xandi € {1,...,5}). When only one «;
is left in [L, U(k)] and the corresponding matrix M;(k) has rank
equal ton, the estimator has converged. Thus, define d; (L, zy(k)) =
Yy BMi(k)) where B(M;(k)) = 0 if f*""(a;) ¢ [L, U(k)], while
BM;(k)) := (n+ 1) — rank(M;(k)), otherwise. As a consequence,
when dq(L, zy(k)) = 1, the estimator has converged and z(k) =
M;(k)t(y(k) — V;(k)) for some j € {1,...,5}, where M;(k)" is the
pseudoinverse of M;(k). The value of B(M;(k)) is the dimension of
the kernel of M;(k) plus one. One is added because if z; (k) # L =@
but it is equal to a singleton, the distance d;(L, zy(k)) cannot be
zero. The continuous state estimator convergence speed depends
only on the rank of M;(k) and on the discrete state estimator con-
vergence speed. It does not depend on the specific values of B;.
Once di(L, zy(k)) = 1 the state of the system is tracked (Fig. 3).
In this example, the representation of the elements of (x, <) and
of (Zg, <) involves a listing of objects: a listing of « values and
a listing of linear subspaces. If |U| is very large (see Example 3),
this choice of the partial orders renders the estimation process pro-
hibitive.

Example 2 (Monotone System). This example considers a system
¥ = Xjo0. %, in which X has the same structure as in Example 1,
while the continuous state update map h is defined by z;(k +
1D = (1- Pz — k) +26X(@k) and 2k + 1) = (1 -
Mzy(k) + AX(a(k)), where B = 0.1, A = 0.1, X(e;) := 10i for
i € {1,...,5}). We denote by h, the map that attaches to a pair
(o, zp) the value of (1 — A)zy (k) + AX(xe(k)). The output function g
is such that g(z, ®) = (g4(@), g,(a, 2)), where g, : U — {¥1,¥2}
and g;(«,z) = z;. The lattice (x, <) is shown in Fig. 2 and the
system £ is the same as the one of Example 1. The system £, =
(Z, x, Y, h, g) is defined as follows. We choose £ = x x Z, in
which Z = R?, and the ordered space (Z, <) is chosen such that
(5,2) < (&, 25) if and only if 25 < Z5. Note that this is not an
ordered Banach space (condition (iii) in the definition of an ordered
Banach space is not satisfied). However, this is enough for this
example as we have to construct an estimator only for z, as z; is
measured. Let the function X : ¥ — R be defined by X(Y;) =
max(X (1), X(@2), X(t3)) = 30, X(¥) := max(X(et3), X(a5)) = 50,
X(F(Y2)) = 50, X(F2(Y1)) = 50, X(f(Y1)) = 50, and X(L) := 0. The
functions h and h, are the same as h and h,, respectively, but with X
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Fig. 3. Left: Estimator performance for Example 1. Middle: Estimator performance for Example 2. Right: Estimator performance for Example 3 with N = 10 robots per team.

In the plots, dg (L, U(k)) = |[L, U(K)]|.

in place of X. The function g is defined as in Example 1, while g, = g,.
With this choice, h(z%, w1) < h(z%, wy) for all (wy, z%) < (ws, 2),
that is, the system is monotone. It can be shown that the system
% = X o, X, is continuous state observable in two steps. Also, the
observability map My (-) with Y(k) = {z1(k), z1(k + 1)} defined
by w — % ((1 = B)z1(k) — z1(k + 1) + 28x,,) is order preserving.
The estimator of Theorem 4.1 is implemented with the special
structure of Eq. (9), in which z and z;, are the lower and upper
bounds on the variable z, and h is replaced by h,. Convergence
plots are shown in Fig. 3 (middle). The distance d, is the Euclidean
distance. The representation of the elements in Z; requires only
n scalar numbers as Z; = Z, and the computation of the order
relation is simple. This alleviates the computation with respect to
the previous example.

Example 3 (RoboFlag Drill). The example presented in Section 2
is revisited here. We have U = perm(N) and Z = R, with
output g(z) = (z1.1,-..,2v1) = z1 € Y = RN The function
f: U x Y — U that updates « is given by Eq. (3). Thus, ¥; =
(U, Y, U, f,id). The function h : Z x U — Z that updates the z
variables is given by Egs. (1) and (2). Thus, 2, = (Z, U, ¥, h, g).
The overall system is given by ¥ = %o %,. The set x is the
set of vectors in NV with components less than N, and the order
between any two vectors in x is established component-wise.
The extended system ¥ = ;o7 %, is constructed by defining
functions f and h as f and h, respectively, in which « is replaced
by w € NN, The map g is the same as g. It can be shown that
the system X is independently discrete state observable and that
(%1, 2, (x, <)) is interval compatible [10]. Define the ordered
space (Z, <) by choosing the positive cone K in Z composed by
all vectors v = (vy1,Vv1.2,..., VN1, Vn2) Such that v, > 0. The
system £ is a monotone extension of X as the order on each z;,
is preserved by the dynamics in Eq. (2). The observability map
defined in Section 2 is order preserving in its argument w =
(w1, ..., wy) € x and £ is observable in two steps. The estimator
in Theorem 4.1 has been implemented with the special structure
of Eq. (4), in which z and z; are the lower and upper bounds
on z, respectively. The discrete state estimator is the same as
the one in [10] and given in Lemma 4.1. Fig. 3 (right) illustrates
the estimator performance, in which W(k) = ), |m;(k)|, where
|m;(k)| is the cardinality of the sets m;(k) that are the sets of
possible «; for each component obtained from the sets [L;, U;] by
removing iteratively a singleton occurring at component i by all
other components. When [L(k), U(k)] N perm(N) has converged
to o, we also have that m;(k) = «;(k). The distance function for
z,x € RN is defined by d(x,z) = Y ,abs(z — x;). The function
V(k) = y(|[L(k), U(k)]]), defined as V(k) := % SN Gugy — Xu)s

is always non-increasing and d(z; (k), zy(k)) < V(k) for all k. Note
that even if the discrete state has not converged yet, the continuous
state estimation error after k = 8 is close to zero. This is due to
the prediction-correction estimation strategy, which at each step
restricts the set of all possible current continuous variable values.
From Example 1 to Example 3 the computation decreases. This
is due to the monotone properties of the continuous dynamics
in Example 2 and in Example 3, and to the existence of a lattice
(x, <) with algebraic properties in Example 3. As a last remark,
partial order techniques for Petri nets are another application of
the state estimation theory proposed in this work (see [8] for
details).

7. Conclusions

In this paper, we have proposed a methodology for the
estimation of continuous and discrete variables in hybrid systems
that relies on partial order structures to reduce computation. A
cascade discrete-continuous state estimator has been constructed,
which is the cascade interconnection of a discrete state estimator
and a continuous state estimator. We have shown that the
proposed techniques are general as they apply to any observable
and independently discrete state observable system. The main
advantage of using the partial order approach is shown when
the system has some monotone properties that can be directly
exploited in the estimator construction. Three examples are
proposed that show the applicability of our approach and show
what computational advantages can be derived in practice from its
application.
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